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Variance Reduced Random Relaxed Projection
Method for Constrained Finite-sum Minimization

Problems
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Abstract—For many applications in signal processing and
machine learning, we are tasked with minimizing a large sum of
convex functions subject to a large number of convex constraints.
In this paper, we devise a new random projection method (RPM) to
efficiently solve this problem. Compared with existing RPMs, our
proposed algorithm features two useful algorithmic ideas. First, at
each iteration, instead of projecting onto the subset defined by one
of the constraints, our algorithm only requires projecting onto a
half-space approximation of the subset, which significantly reduces
the computational cost as it admits a closed-form formula. Second,
to exploit the structure that the objective is a sum, variance
reduction is incorporated into our algorithm to further improve
the performance. As theoretical contributions, under a novel error
bound condition and other standard assumptions, we prove that
the proposed RPM converges to an optimal solution and that
both optimality and feasibility gaps vanish at a sublinear rate. In
particular, via a new analysis framework, we show that our RPM
attains a faster convergence rate in optimality gap than existing
RPMs when the objective function has a Lipschitz continuous
gradient, capitalizing the benefit of the variance reduction. We
also provide sufficient conditions for the error bound condition
to hold. Experiments on a beamforming problem and a robust
classification problem are also presented to demonstrate the
superiority of our RPM over existing ones.

Index Terms—Constrained Optimization, Finite-Sum Minimiza-
tion, Random Projection Method, Relaxed Projection, Variance
Reduction, Convergence Rate Analysis.

I. INTRODUCTION

THIS paper considers the following constrained convex
optimization problem:

min
x

f(x) =
1

n

n∑
i=1

fi(x)

s.t. x ∈ C = C0 ∩ C[m],

(1)

where fi : Rd → R is a differentiable convex function for
i = 1, . . . , n, C0 ⊆ Rd is a non-empty, closed and convex
set, C[m] = ∩j∈[m]Cj , and Cj = {x ∈ Rd | ϕj(x) ≤ 0}
with ϕj : Rd → R being a convex but possibly non-
differentiable function for j ∈ [m]. Here and throughout the
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paper, [t] = {1, . . . , t} for any positive integer t. Problem (1)
finds applications across a wide range of areas. Below we
present two concrete examples.

Example 1. The first example is (linearly) constrained least
squares problem:

min
x

∥Ax− a∥2

s.t. Bx ≤ b,
(2)

where A ∈ Rℓ×d, a ∈ Rℓ, B ∈ Rm×d and b ∈ Rm. Prob-
lem (2) subsumes constrained LASSO [1], [2] and generalized
LASSO [3] as special cases and can be applied to many
signal processing problems, including linear quadratic state
estimation [4], trend filtering [5], wavelet smoothing [6] and
neural decoding [7].

Example 2. Another example of problem (1) arises from
the context of robust classification and will be used in our
numerical experiments in Section V. To begin, we define a
distance between two probability distributions P1 and P2:

W (P1,P2)

= min
Q∈Γ(P1,P2)

∫
Ξ×Ξ

(∥w1 −w2∥∞ + |y1 − y2|) dQ((w1, y1), (w2, y2)),

where Ξ = Rℓ × {+1,−1} and Γ(P1,P2) is the set of joint
distributions on Ξ× Ξ with the first marginal P1 and second
marginal P2. The distance W is an instance of Wasserstein
distance [8]. The ball centered at P̂ of radius ϵ > 0 in the space
of probability distributions is denoted by Bϵ(P̂). Based on ideas
from distributionally robust optimization [9], the following
model for robust binary classification is considered in [10]:

min
u∈Rℓ

sup
P∈Bϵ(P̂)

E(w,y)∼P
[
log

(
1 + exp

(
−yu⊤w

))]
,

which is intractable in general, due to the infinite-dimensionality
of the maximization. However, if the center P̂ is an empirical
distribution associated with a sample {(wi, yi)}i∈[n], then
by [10] it is equivalent to the problem

min
u,s,λ

λϵ+
1

n

∑
i∈[n]

(
si + log

(
1 + exp

(
−yi u

⊤wi

)))
s.t. yj u

⊤wj ≤ sj + λ, j ∈ [n]
∥u∥ ≤ λ, u ∈ Rℓ, s ∈ Rn

+, λ ∈ R.

(3)

In the notation of problem (1), d = ℓ + 1 + n, m = n, x =
(u⊤, λ, s⊤)⊤, C0 = {(u⊤, λ, s⊤)⊤ : ∥u∥ ≤ λ, s ∈ Rn

+},
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fi(x) = ϵλ + si + log
(
1 + exp

(
−yi u

⊤wi

))
and ϕj(x) =

yj u
⊤wj − λ− sj for i, j ∈ [n].

A straightforward algorithm for problem (1) is the projected
gradient method (PGM) whose iteration takes the form xk+1 =
ΠC

(
xk − αk∇f(xk)

)
, where αk > 0 is the step-size and

ΠC(·) denotes the projection map onto C. The theory on PGM
is rather complete, at least for convex problems. For example, it
can be proved that under mild assumptions, PGM converges to
an optimal solution with a sublinear rate O(1/K) [11], where
K is the total number of iterations. Under stronger assumptions,
it is also proved that PGM converges linearly to an optimal
solution [12] (i.e., O(cK) for some c ∈ (0, 1)).

However, PGM is not a viable algorithm for solving
problem (1) if

(i) the number n of summands fi is large,
(ii) the number m of constraints is large, or

(iii) the projections onto some of the subsets Cj are difficult.
In case of difficulty (i), it is expensive to compute the gradient
∇f(xk); and when we have difficulty (ii) or (iii), computing
the projection ΠC onto the whole feasible region C is highly
computationally demanding, if not impossible.

A standard idea to handle difficulty (i) is to replace the
gradient ∇f(xk) by the random estimator ∇fik(x

k), where
ik is a random index. The resulting algorithm is known as the
stochastic gradient method (SGM), which traces back to the
work [13] of Robbins and Monro. A natural generalization of
SGM is the mini-batch SGM [14], where instead of a single
summand fi, multiple summands are used to form the random
gradient estimator. SGM and its variants have become arguably
the most popular algorithms for modern, large-scale machine
learning. One particular reason comes from its significantly
lower per iteration cost, compared to that of PGM. For more
details, we refer the readers to the recent survey [15]. A major
drawback of SGM and its mini-batch variant is that its gradient
estimator tends to introduce a large variance to the algorithm,
which necessitates the use of conservative step-size and in turn
leads to slow convergence. Indeed, the convergence rate of
SGM for minimizing smooth (non-strongly) convex function
is only O(1/

√
K) [16], which is worse than the rate O(1/K)

of the standard PGM based on the exact gradient. Similarly,
to minimize a smooth strongly convex function, SGM can
only achieve a slower rate of O(1/K) [14], as compared to
the linear convergence rate of the gradient descent. Various
variance reduction techniques have been proposed to remedy
the variance issue. Notable examples of variance reduced SGM
include SAG [17], SAGA [18] and SVRG [19]. Thanks to
the variance reduction techniques, the convergence rates of
these variants match with that of the gradient descent on both
non-strongly and strongly convex problems.

To deal with optimization problems with a large number of
constraints, i.e., in the presence of difficulty (ii), one could
adopt the framework of random projection methods (RPMs).
Roughly speaking, at each iteration, an RPM improves fea-
sibility with respect to the intersection C[m] by using only
one randomly selected subset Cjk but ignores the others,
where jk is a random index. The computational cost at each
iteration can thus be substantially reduced. In the context of
optimization, RPMs were first studied by Nedić in [20], which

can be viewed as an extension of the algorithm in [21] by
Polyak for convex feasibility problems to convex minimization
problems. Subsequent works on RPMs include [22]–[25]. On
the theoretical side, these works typically show that under
certain assumptions, both the optimality and feasibility gaps
converge to zero at a sublinear rate.

Some of these RPMs, such as [22], [23], [25], are designed
for constrained optimization where the objective is an ex-
pectation f(x) = EI [fI(x)] and subsumes the finite-sum
objective in problem (1) as a special case. In these works,
it is assumed that given any x, one can access ∇fi(x) at
some realization i of the random variable I , serving as a
random gradient estimator, which is used in the updating
step of the algorithms. Therefore, it similarly suffers from the
variance issue. In view of our previous discussion, it is tempted
to replace the gradient estimator ∇fi(x

k) by its variance
reduced counterpart. Unfortunately, it is unclear whether the
variance reduced estimators satisfy the assumptions required
by the existing RPMs, such as [23, Assumption 1(c)] and [25,
Assumption 1]. Hence, incorporating variance reduction into
RPMs with provable theoretical guarantees is highly nontrivial.
One of the contributions of this paper is to show that an
improved convergence rate can be obtained by integrating the
SVRG variance reduction technique into RPMs.

When difficulty (iii) is present, computing the projection
onto the subset Cj could be time consuming. This hinders
the the practicality of projection-based RPMs, such as [22],
[23], where each iteration requires computing the projection
ΠCjk

onto the randomly selected subset Cjk . In such a case,
one could improve the efficiency by approximating the subset
Cjk by a half-space at each iteration. The advantage is that
the projection onto a half-space can be computed much more
efficiently via an explicit formula. The idea of approximating
complicated feasible region by half-spaces is not new. It has
been studied in many other settings and under different names,
including the outer approximation method [26] and the cutting-
plane method [27].

In this paper, we develop a new RPM that aims at solving
problem (1) in the face of difficulties (i)-(iii). The proposed
algorithm features two useful algorithmic ideas that can signif-
icantly improve the practical performance: variance reduction
and half-space approximation of the complicated subsets. To
the best of our knowledge, this is the first time these two ideas
are simultaneously incorporated into the framework of RPMs.
Furthermore, the proposed RPM enjoys rigorous theoretical
guarantees. Under assumptions similar to previous works, we
prove that the sequence of iterates generated by our RPM
converges to an optimal solution to problem (1). Moreover, the
convergence rates of the optimality gap and the feasibility gap
are O(1/

√
K) and O(1/K), respectively. If f has a Lipschitz

gradient, then the advantage of the variance reduction can be
realized theoretically, and the rate of the optimality gap is
improved to O(1/K2/3). Finally, under a quadratic growth
condition on f , the rates can be strengthened to O(1/K) and
O(1/K2), respectively. Because of the integration of the two
new algorithmic ideas, theoretical frameworks of existing RPMs
do not apply, and new analyses are developed. In particular,
we have formulated and proved an error bound-type condition,
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which plays an instrumental role in the theoretical development
of our RPM. We believe that it could be of independent interest
in the study of other optimization algorithms.

The rest of this paper is organized as follows. We present the
proposed algorithm and the required assumptions in Section II
and Section III, respectively. In Section IV, we study the
convergence behaviour of the proposed algorithm. Numerical
results are reported in Section V.

A. Notation

The Euclidean norm and inner product are denoted by ∥ · ∥
and ⟨·, ·⟩, respectively. For two non-negative sequences {ak}
and {bk}, we write ak = O(bk) if there exists c > 0 such that
ak ≤ c bk for any k ≥ 0. We denote by |S| the cardinality of a
set S. For any convex function ϕ and x ∈ dom(ϕ), we denote
by ∂ϕ(x) = {ξ ∈ Rd | ϕ(y) − ϕ(x) ≥ ⟨ξ, y − x⟩, ∀y ∈
Rd} the subdifferential of ϕ at x. The optimal value and
optimal solution set of problem (1) are denoted by f⋆ and
X⋆, respectively. We abbreviate “almost surely” as “a.s”. For a
collection G of random variables, E[·|G] denotes the conditional
expectation. Given any D ⊆ Rd, we denote the distance from
x ∈ Rd to D by dist(x, D) = inf{∥y − x∥ | y ∈ D}. If D
is closed and convex, the projection is denoted by ΠD(x) =
argmin{∥y − x∥ | y ∈ D}. We denote (t)+ = max{t, 0} for
t ∈ R.

II. VARIANCE REDUCED RANDOM RELAXED PROJECTION
METHOD

We propose a new RPM for solving problem (1), namely the
variance reduced random relaxed projection method (VR3PM)
in Algorithm 1. From now on, given any convex function ϕ,
any vector x ∈ Rd and any subgradient ξ ∈ ∂ϕ(x), we define

H(ϕ; x; ξ) =

{
{y ∈ Rd | ϕ(x) + ⟨ξ, y − x⟩ ≤ 0} if ξ ̸= 0,

Rd if ξ = 0.

Note that H(ϕ; x; ξ) is a half-space if ξ ̸= 0.
Some remarks about VR3PM are in order. First, by definition,

Cjk ⊆ Hk. Therefore, Hk is an outer approximation of Cjk .
This explains why we call our method a random “relaxed”
projection method. Second, because of the relaxation in the
projection step, the per iteration cost of our method is lower
than that of [23]. Indeed, if ξk ̸= 0, the projection can be
computed in closed-form by Lemma 2:

ΠHk

(
xk−αkv

k
)
= xk−αkv

k−
(
ϕjk(x

k)− αk⟨ξk,vk⟩
)
+

∥ξk∥2
ξk.

Third, the vector vk is the so-called SVRG gradient estima-
tor [19]. It is used to reduce the variance of the algorithm
and thus improves the convergence speed. Fourth, the choice
of the distribution of the random index jk is flexible. As
long as all the constraints have a positive probability to
be chosen (see Assumption 2), our theoretical framework
applies. Finally, to reduce the variance of VR3PM due to
the random sampling of constraints, we could reformulate the
feasible region of problem (1) by grouping its constraints.
Specifically, let b̄ > 0 be an integer that divides m and

Algorithm 1 Variance Reduced Random Relaxed Projection
Method (VR3PM)

Input: Initial point x0 ∈ C0, integers b ≥ 1 and r ≥ 2, and a
positive sequence {αk}.

1: for l = 0, 1, 2, · · · do
2: Set x̃l = xlr.
3: for s = 1, · · · , r do
4: Set k = lr + s − 1. Generate i.i.d. uniform indices

Ik = {ik1, · · · , ikb} ⊆ [n] and compute

vk =
1

b

∑
i∈Ik

(∇fi(x
k)−∇fi(x̃

l)) +∇f(x̃l).

5: Generate a random index jk ∈ [m], compute a
subgradient ξk ∈ ∂ϕjk(x

k) and update the iterate

xk+1 = ΠC0
(ΠHk

(
xk − αkv

k
)
),

where Hk = H(ϕjk ; x
k; ξk).

6: end for
7: end for

define m̄ = m/b̄. Then, we could re-write the feasible
region of problem (1) as C = C0 ∩ (

⋂
t∈[m̄] C̄t), where

C̄t = {x ∈ Rd | maxj=(t−1)b̄+1, ..., tb̄ ϕj(x) ≤ 0}. This
technique can be seen as the constraint analogue of the mini-
batch gradient estimator. In our experiments, despite the slightly
more complicated subgradient, the overall speed and accuracy
could be improved by a suitable grouping. We should point
out that the RPM in [20] is amenable to this technique as it is
subgradient-based. However, it might not be worth applying the
technique to the RPM in [23], as doing so requires computing
the projection onto the grouped subset C̄t.

III. ASSUMPTIONS

To analyze VR3PM, the following blanket assumptions on
problem (1) are imposed.

Assumption 1. The following hold.
(i) The set C0 ⊆ Rd is non-empty, closed and convex.

Moreover, for j ∈ [m], the function ϕj is proper, closed,
and convex.

(ii) The optimal solution set X⋆ is non-empty.
(iii) For i ∈ [n], fi is differentiable and convex, and there

exist Li, Ri > 0 such that for any x,y ∈ C0,

∥∇fi(x)−∇fi(y)∥ ≤ Li∥x− y∥+Ri.

Assumptions 1(i)-(ii) are standard in the literature of con-
strained convex optimization. Assumption 1(iii) is weaker than
the requirement on fi in [20], which assumes that each fi has
a Lipschitz continuous gradient. Indeed, it can be checked that
Assumption 1(iii) holds if for any i ∈ [n], either the function fi
or its gradient ∇fi is Lipschitz continuous. Also, [23] requires
a similar inequality to hold on Rd, whereas Assumption 1(iii) is
assumed to hold on the subset C0. An immediate consequence
of Assumption 1(iii) is that for any x,y ∈ C0,

∥∇f(x)−∇f(y)∥ ≤ L∥x− y∥+R, (4)
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where L = maxi∈[n] Li and R = maxi∈[n] Ri.
The assumption below ensures that at each iteration, any

constraint will be picked with a positive probability.

Assumption 2. There exists a constant ρ ∈ (0, 1] such that
for any j ∈ [m],

inf
k≥0

P (jk = j|Fk) ≥
ρ

m
a.s.,

where Fk = {j0, · · · , jk−1, i01, · · · , i(k−1)b,x
0} for k ≥ 1

and F0 = {x0}.

The next assumption concerns the geometry of the feasible
region.

Assumption 3. There exists κ > 0 such that for any x ∈ C0,

dist(x, C) ≤ κ max
j∈[m]

min
ξj∈∂ϕj(x)

dist (x, H(ϕj ; x; ξj)) . (5)

The proposition below asserts that Assumption 3 holds under
mild conditions. The proof can be found in Appendix B. We
should emphasize that case (i) is not new, see [28] for example.
The novelty of the proposition lies in case (ii).

Proposition 1. Suppose that Assumption 1 holds. Then,
Assumption 3 holds if

(i) C0 = Rd and ϕj is affine for all j ∈ [m], or
(ii) the subgradients of ϕ1, . . . , ϕm have a uniform bound

over C0 and C0 ∩ {x ∈ Rd | ϕj(x) < 0, j ∈ [m]} is
non-empty.

Example 3. Both optimization problems (2) and (3) in
Examples 1 and 2, respectively, satisfy Assumption 3.

(i) Since problem (2) has only linear constraints, by Proposi-
tion 1(i), it satisfies Assumption 3.

(ii) Recall that in problem (3), d = ℓ + 1 + n and m = n.
Also, C0 = CSO × Rn

+, where CSO = {(u, λ) ∈ Rℓ+1 :
∥u∥2 ≤ λ} is the second-order cone, and for all j ∈ [n],
ϕj(x) = ϕ(u, λ, s) = yj u

⊤wj − λ− sj is linear. Using
[29, Proposition 3 and Corollary 3(c)], there exists a
constant κ1 > 0 such that for any x = (u⊤, λ, s⊤) ∈ C0,

dist(x, C) = dist(x, (CSO × Rn
+) ∩ C[m])

= dist(x, (CSO × Rn) ∩ (Rℓ+1 × Rn
+) ∩ C[m])

≤κ1 max{dist(x, (Rℓ+1 × Rn
+) ∩ C[m]), (∥u∥ − λ)+}

=κ1 dist(x, (Rℓ+1 × Rn
+) ∩ C[m]),

where the last line follows from x ∈ C0. Since each ϕj is
linear, the Hoffman error bound [28] and Lemma 2 imply
the existence of a constant κ2 > 0 such that

dist(x, (Rℓ+1 × Rn
+) ∩ C[m])

≤κ2 dist (x, H(ϕj ; x; ξj)) .

Combining the last two display shows that problem (3)
satisfies Assumption 3.

Variants of Assumption 3 are utilized to study RPMs. First,
[20] assumes the existence of κ > 0 such that for any x ∈ C0,

dist(x, C) ≤ κE[(ϕjk(x))+| j0, · · · , jk−1,x
0]. (6)

If there exists an upper bound M > 0 on the sub-differentials
∂ϕj(x) that is uniform in j and x, then condition (6)

implies Assumption 3. To see this, we consider the two cases
0 ̸∈ ∂ϕj(x) and 0 ∈ ∂ϕj(x) separately. If 0 ̸∈ ∂ϕj(x), by
Lemma 2,

(ϕjk(x))+ ≤ M min
ξjk

∈∂ϕjk
(x)

(ϕjk(x))+
∥ξjk∥

≤M max
j∈[m]

min
ξj∈∂ϕj(x)

dist (x, H(ϕj ; x; ξj)) .

If 0 ∈ ∂ϕjk(x), x is a minimizer of ϕjk . The non-emptiness
of Cjk implies that ϕjk(x) ≤ 0 and hence that (ϕjk(x))+ = 0.
Thus, in both cases, condition (6) implies Assumption 3.

In fact, Assumption 3 is strictly weaker than (6). Consider
ϕj(x) = x⊤Bjx for positive definite matrices Bj . Then, C =
{0}. If x = 0, Assumption 3 holds trivially. If x ̸= 0, by
Lemma 2, for any j ∈ [m],

min
ξj∈∂ϕj(x)

dist (x, H(ϕj ; x; ξj)) =
(ϕj(x))+
∥∇ϕj(x)∥

=
x⊤Bjx

2∥Bjx∥
≥ λmin(Bj)∥x∥2

2λmax(Bj)∥x∥
=

λmin(Bj)

2λmax(Bj)
dist(x, C),

where λmax(·) and λmin(·) denote the maximum and minimum
eigenvalues, respectively. This inequality shows that Assump-
tion 3 holds with κ = 2maxj∈[m] λmax(Bj)/λmin(Bj). Also,

E[(ϕjk(x))+| j0, · · · , jk−1,x
0]

dist(x, C)
≤

maxj∈[m](ϕj(x))+

∥x∥

= max
j∈[m]

x⊤Bjx

∥x∥
≤ ∥x∥ max

j∈[m]
λmax(Bj),

where the upper bound vanishes as x → 0, showing that
condition (6) fails to hold.

Assumption 3 should also be compared to the classical notion
of bounded linear regularity [30]:

dist(x, C) ≤ κ max
j∈[m]

dist(x, Cj),

which has been used for analyzing RPMs in [23], [31]. Since
Cj ⊆ H(ϕj ; x; ξj), one readily sees that Assumption 3 is
stronger than the bounded linear regularity. That a stronger
assumption is required by our algorithm is expected as it relies
on a weaker projection.

Finally, we remark that Assumption 3 can also be seen as a
generalization of the seminal Hoffman error bound [28], which
asserts that the distance of any point to a linear system is
linearly bounded by its violation of the linear constraints. In
fact, under case (i) of Proposition 1, inequality (5) reduces
to the Hoffman error bound. Error bound conditions are
important subjects in optimization and frequently utilized to
study optimization algorithms. For example, as discussed above,
conditions similar to (but different from) (5) are employed to
study RPMs in [20] and [23]. Going beyond RPMs, error
bound conditions also appeared in the study of first-order
methods [32], [33], second-order methods [2], [34], [35], and
even manifold optimization algorithms [36], [37].

IV. CONVERGENCE ANALYSIS

We now provide a detailed analysis of the convergence be-
haviour of VR3PM. The proofs can be found in Appendices C-
G. The first one shows that VR3PM converges to an optimal
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solution of problem (1) almost surely under Assumptions 1–3
and a suitable choice for the step-size αk.

Theorem 1. Suppose that Assumptions 1–3 hold. Let {µl} be a
positive sequence satisfying

∑∞
l=0 µl = ∞ and

∑∞
l=0 µ

2
l < ∞.

Consider Algorithm 1 with αk = µl for k = lr + s− 1 with
l ≥ 0 and s ∈ [r]. Then, the iterates {xk} converges almost
surely to a point in X⋆.

Our second main theoretical result characterizes the conver-
gence rates of the optimality and feasibility gaps of VR3PM.

Theorem 2. Suppose that Assumptions 1–3 hold and that C0

is compact. Consider Algorithm 1 with αk = α̃√
k+1

, where
α̃ ∈ (0, ρ

16Lmκ2 ]. Then, for any K ≥ 1, we have that

E
[
dist2(x̄K , C)

]
≤ O

(
log(K)

K

)
and E

[
f(x̄K)− f⋆

]
≤ O

(
1√
K

)
,

where x̄K = 1
K

∑K−1
k=0 xk.

With a constant, more conservative step-size, we can improve
the bound on the feasibility gap by a factor of logK.

Theorem 3. Suppose that Assumptions 1–3 hold and that C0 is
compact. Consider Algorithm 1 with αk ≡ α = α̃√

K+1
, where

α̃ ∈ (0, ρ
16Lmκ2 ]. Then, for any K ≥ 1, we have that

E
[
dist2(x̄K , C)

]
≤ O

(
1
K

)
and E

[
f(x̄K)− f⋆

]
≤ O

(
1√
K

)
,

where x̄K = 1
K

∑K−1
k=0 xk.

The rate O( 1√
K
) for the optimality gap in Theorems 2 and 3

matches the best rate of other RPMs in the literature under
the similar assumption setting [22]–[25]. As mentioned in
the introduction, several works [17]–[19] have successfully
accelerated the convergence rate of SGMs via various variance
reduction techniques. These works all require that ∇f is
Lipschitz continuous. By making the same assumption, we
can also obtain an improved rate for our RPM.

Theorem 4. Suppose that Assumptions 1–3 hold with Ri = 0
for all i ∈ [n], that C is compact and that C0 = Rd. Consider
Algorithm 1 with αk = α̃

(k+1)1/3
, where α̃ ∈ (0, ρ

40
√
rLmκ2 ].

Then, for any K ≥ 1, we have that

E
[
dist2(x̄K , C)

]
≤ O

(
1

K2/3

)
and E

[
f(x̄K)− f⋆

]
≤ O

(
1

K2/3

)
,

where x̄K = 1
K

∑K−1
k=0 xk.

The rate O( 1
K2/3 ) for the optimality gap is faster than previous

RPMs under comparable assumptions and is achieved by a new
analysis framework. We should point out that the rate O( 1

K2/3 )
for the feasibility gap is slower than those in Theorems 2 and 3.

The last result relies on the following assumption, which is
called the quadratic growth condition and strictly weaker than
strong convexity.

Assumption 4. There exists a constant ν > 0 such that f(x)−
f⋆ ≥ ν

2 dist
2(x, X⋆) for any x ∈ C.

Example 4. The feasible region of the constrained least squares
problem (2) is a polytope C = {x : Bx ≤ b} and its objective
function f(x) = ∥Ax− a∥2 is convex and quadratic over the
polytope C. By [38, Proposition 8] or [39, Theorem 8], f
satisfies the quadratic growth condition over C. However, if
ℓ < d, then f is not strongly convex.

Stronger rates can be obtained under the quadratic growth
condition.

Theorem 5. Suppose that Assumptions 1–4 hold. Consider
Algorithm 1 with αk = 8

ν(l+1) for k = lr + s− 1 with l ≥ 0

and s ∈ [r]. Then, for any K ≥ 1, we have that

E
[
dist2(x̄K , C)

]
≤ O

(
1

K2

)
and E[f(x̄K)− f⋆] ≤ O

(
1
K

)
,

where x̄K = 3
K(K+1)(K+2)

∑
k∈[K] k(k + 1)xk.

A similar result has been proved for the RPM in [25]. However,
the bounds in [25] hold only if K is sufficiently large, whereas
ours hold for any K ≥ 1. Moreover, [25] requires the quadratic
growth condition to hold on the larger set C0 but not only C.

V. NUMERICAL EXPERIMENTS

We then study the empirical performance of VR3PM through
numerical experiments. All the experiments are performed using
MATLAB on a PC with Intel Core i5-1135G7 CPU (2.40 GHz).
Because of its high accuracy, the optimal solution and optimal
value computed by using YALMIP are taken as the “true”
optimal solution x⋆.

A. Importance of Variance Reduction

In this experiment, we highlight the importance of variance
reduction to our algorithm VR3PM by empirically showing
that the SVRG gradient estimator does substantially improve
the practical convergence behaviour upon the vanilla gradient
estimators. Specifically, we consider the following quadratically
constrained quadratic programming problem (QCQP):

min
x

1

n

∑
i∈[n]

x⊤A⊤
i Aix+ a⊤

i x

s.t. x⊤B⊤
j Bjx+ b⊤j x ≤ wj , j ∈ [m],

x ∈ C0.

(7)

Here, C0 = [−10, 10]d. The pairs {(Ai,ai)}i∈[n] are generated
as follows. For each i ∈ [n], we first generate a random matrix
Ãi ∈ R(p+1)×d with i.i.d. standard Gaussian entries. Then,
the matrix Ai ∈ Rp×d and the vector ai ∈ Rd are defined as
sub-matrices of the normalized matrix Ãi/∥Ãi∥2 = (A⊤

i ai)
⊤,

where ∥ · ∥2 denotes the operator norm, i.e., the largest singular
value. The pairs {(Bj , bj)}j∈[m] are generated in the same
manner. The constants w1, . . . , wm are i.i.d. uniform random
variables on [0, 0.5]. We compare VR3PM with three variants
of random relaxed projection methods (R2PMs) obtained by
replacing the SVRG gradient estimator vk in Algorithm 1 with
the standard gradient estimator using a single summand, the
mini-batch gradient estimator using b summands and the full
gradient using all n summands. These three R2PMs are denoted,
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(b) (n,m, d, p, q) = (6000, 6000, 200, 200, 200)

Fig. 1: Comparison of VR3PM and other RPMs using vanilla
gradient estimators on problem (7).

respectively, as R2PM-1, R2PM-b and R2PM-n. The step-sizes
for all algorithms are chosen to scale as αk = O(k−0.51) with
optimally tuned constants. The constraint grouping technique
is applied to all tested algorithms. Specifically, we group the
constraints into m̄ = m/10 groups of b̄ = 10 constraints.

The results on problem (7) with parameters
(n,m, d, p, q) = (3000, 3000, 200, 200, 200) and
(n,m, d, p, q) = (6000, 6000, 200, 200, 200) are shown
in Figure 1, where the left and right panels show the optimality
gap and constraint violation against the CPU time (in second),
respectively. We can see from Figure 1 that in terms of
objective value, our algorithm VR3PM is faster and reaches
a higher accuracy than the other three R2PMs. As for the
constraint violation, our algorithm VR3PM performs on par
with R2PM-1 and R2PM-b and outperforms the full gradient
variant R2PM-n.

B. Comparison with the RPMs in [25] and [23]

Our second experiment aims at comparing the performance
of VR3PM with the existing RPMs in [25] by Necoara and
Singh and in [23] by Wang and Bertsekas, denoted as RPM-NS,
and RPM-WB, respectively. RPM-WB is not amenable to the
constraint grouping technique. So, we apply the technique only
to our algorithm and RPM-NS. The constraint group size and
step-sizes are chosen similarly as in Section V-A.

The results on problem (7) with the same setting and
parameters as in Section V-A are shown in Figure 2, where the
left and right panels show the optimality gap and constraint
violation against the CPU time (in second), respectively. From
Figure 2, we can see that our algorithm VR3PM performs
substantially better than the competing algorithms RPM-NS
and RPM-WB in terms of objective value. As for constraint
violation, our algorithm and RPM-NS perform on par, but both
better than RPM-WB.
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(b) (n,m, d, p, q) = (6000, 6000, 200, 200, 200)

Fig. 2: Comparison of VR3PM and the RPMs in [25] and [23]
on problem (7).

C. Applications to Downlink Beamforming
Our next experiment concerns the downlink beamforming

problem in wireless communication [40]–[42]. Specifically, we
consider a single base station equipped d antennas, transmitting
data stream to n users. For each user i ∈ [n], the signal received
is given by

yi = hH
i

∑
j∈[n]

νjxj

+ ωi,

where (·)H denotes the Hermitian transpose, and hi ∈ Cd

models the downlink channel, ωi ∈ C is the error, νi is the
information signal and xi ∈ Cd represents the beamformer
for user i. The quality of the signal received at user i can be
measured by the signal-to-interference-plus-noise ratio (SINR):

SINRi =
|hH

i xi|2∑
j ̸=i |hH

i xj |2 + σ2
,

where σ2 is the variance of the error ωi. One formulation of the
beamforming problem is to minimize the transmission power
subject to SINR constraints [41]:

min
x1,...,xn

n∑
i=1

∥xi∥2

s.t. SINRi ≥ γi, i ∈ [n],

(8)

where γ1, . . . , γn > 0 are the desired SINRs. Problem (8)
is non-convex since the SINR constraints are non-convex.
However, it is shown in [42] that problem (8) is equivalent to
a convex, second-order cone program over real numbers:

min
x̂1,...,x̂n

n∑
i=1

∥x̂i∥2

s.t. ĥ⊤
i x̂i ≥

√
γi

∑
j ̸=i(ĥ

⊤
j x̂j)2 + γiσ2, i ∈ [n],

(9)
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Fig. 3: Comparison of VR3PM and the RPMs in [25] and [23]
on problem (9).

where ĥi ∈ R2d and x̂i ∈ R2d are real vectors obtained by
stacking the real and imaginary parts of hi and xi, respectively,
for i ∈ [n]. Using a similar argument as in Example 3(ii), one
could also show that problem (9) satisfies Assumption 3.

In this experiment, we set σ = 1 and the SINR threshold
for all users to be −13 dB (i.e., γi ≈ 0.0501). The vectors
ĥ1, . . . , ĥn are i.i.d. 2d-dimensional standard Gaussian random
distribution with zero mean and identity covariance.

The results on problem (9) with parameters (n, d) =
(200, 25) and (n, d) = (600, 20) are shown in Figure 3, where
we can see that VR3PM performs better than RPM-NS and
RPM-WB in terms of both optimality and feasibility gaps.

D. Applications to Robust Classification

Finally, we compare our algorithm against the RPM-NS and
RPM-WB on the distributionally robust classification problem
in Example 2. In this experiment, we use real data-sets1 a6a
with (n, ℓ) = (11220, 122) and a7a with (n, ℓ) = (16100, 122).
In both data-sets, the sample size n is very large. This makes
problem (3) extremely computationally challenging as the
number of decision variables, the number of summands in
the objective and the number of constraints all increase linearly
in n. We compare our algorithm VR3PM against RPM-NS
and RPM-WB with all the algorithmic parameters similarly
chosen.

The results are presented in Figure 4, where we can see
that VR3PM performs better than the two competing RPMs in
terms of both the optimality gap and constraint violation.

APPENDIX

A. Lemmas

The following are standard results on projections, see
for example [23, Lemma 2] and [11, Theorem 5.4 and
Lemma 6.26].

1https://www.csie.ntu.edu.tw/ cjlin/libsvmtools/datasets/
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Fig. 4: Comparison of VR3PM and the RPMs in [25] and [23]
on problem (3).

Lemma 1. Let D ⊆ Rd be a non-empty, closed and convex
set. The following hold.

(i) For any x, y ∈ Rd,

∥ΠD(x)−ΠD(y)∥ ≤ ∥x− y∥;

(ii) For any x ∈ Rd and y ∈ D,

∥ΠD(x)− y∥2 ≤ ∥x− y∥2 − ∥x−ΠD(x)∥2.

Lemma 2. Let c ∈ R, ζ ∈ Rd \ {0} and H = {x | ζTx ≤ c}.
Then

ΠH(u) = u− (ζTu− c)+
∥ζ∥2

ζ.

The following lemma are useful to our development, see [20],
[23] for example.

Lemma 3. Let {ak}, {uk}, {tk} and {dk} be sequences of
non-negative random variables satisfying

E[ak+1|a0, · · · , ak, u0, · · · , uk, t0, · · · , tk, d0, · · · , dk]
≤(1 + tk)ak − uk + dk for all k ≥ 0 a.s.

Suppose that
∞∑
k=0

tk < ∞ and
∞∑
k=0

dk < ∞ a.s.

Then,
∞∑
k=0

uk < ∞ a.s., and lim
k→0

ak = a a.s.,

for some non-negative random variable a.

The following lemma bounds the distance of an iterate to
the feasible region in terms of its distance to the corresponding
half-space at that iteration.

https://www.csie.ntu.edu.tw/~cjlin/libsvmtools/datasets/
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Lemma 4. Suppose that Assumptions 2–3 hold. Then, Algo-
rithm 1 satisfies that for any k ≥ 0,

∥xk −ΠC(x
k)∥2 ≤ mκ2ρ−1 E

[
∥xk −ΠHk

(xk)∥2|Fk

]
a.s.

Proof. We have that for any j ∈ [m],

E
[
∥xk −ΠHk

(xk)∥2|Fk

]
=

∑
j′∈[m]

P (jk = j′|Fk)∥xk −ΠH(ϕj′ ;x
k; ξj′ )

(xk)∥2

≥ ρ

m
∥xk −ΠH(ϕj ;xk; ξk))(x

k)∥2

≥ ρ

m
min

ξj∈∂ϕj(xk)
dist2(xk, H(ϕj ; x

k; ξj)),

where the inequality follows from Assumption 2. Therefore,
using Assumption 3, we obtain

E
[
∥xk −ΠHk

(xk)∥2|Fk

]
≥ ρ

m
max
j∈[m]

min
ξj∈∂ϕj(xk)

dist2(xk, H(ϕj ; x
k; ξj))

≥ ρ

mκ2
∥xk −ΠC(x

k)∥2,

which completes the proof.

The next lemma should be compared with [23, Assump-
tion 1(c)] and, to some extent, illustrates why the SVRG
gradient estimator cannot be directly used in the algorithmic
framework of [23].

Lemma 5. Suppose that Assumption 1 holds. Consider Algo-
rithm 1. Then, for any x⋆ ∈ X⋆ and k = lr + s − 1, where
l ≥ 0, s ∈ [r], we have

E[∥vk∥2 | Fk]

≤ 8L2∥xk − x⋆∥2 + 16L2∥x̃l − x⋆∥2 + 12R2 + 4∥∇f(x⋆)∥2.

Proof. We have

E
[
∥vk∥2 | Fk

]
=E

[∥∥∥∥1b ∑
i∈Ik

(∇fi(x
k)−∇fi(x̃

l)) +∇f(x̃l)

∥∥∥∥2 ∣∣∣∣Fk

]

≤ 2E

[∥∥∥∥1b ∑
i∈Ik

(∇fi(x
k)−∇fi(x̃

l))

∥∥∥∥2 ∣∣∣∣Fk

]
+ 2E

[
∥∇f(x̃l))∥2 | Fk

]
≤ 4L2∥xk − x̃l∥2 + 4R2 + 4∥∇f(x̃l)−∇f(x⋆)∥2

+ 4∥∇f(x⋆)∥2

≤ 8L2∥xk − x⋆∥2 + 16L2∥x̃l − x⋆∥2 + 12R2 + 4∥∇f(x⋆)∥2,

where the equality follows from the definition of vk, the second
inequality follows from Assumption 1(iii), xk ∈ C0 and x̃l ∈
C0, and the last inequality follows from inequality (4). This
completes the proof.

The following technical lemma is also used in the proof of
our main results.

Lemma 6. Suppose that Assumption 1 holds. Consider Al-
gorithm 1. Then, for any x⋆ ∈ X⋆, k ≥ 0 and λ > 0, we
have

2αkE
[
⟨vk,xk − x⋆⟩ | Fk

]
≥− (2αkL+ 4

λ )∥x
k −ΠC(x

k)∥2 − α2
kλ

(
2R2 + ∥∇f(x⋆)∥2

)
− α2

kL
2λ∥xk − x⋆∥2 + 2αk

(
f(ΠC(x

k))− f⋆
)
.

Proof. First, for any k ≥ 0,

2αkE
[
⟨vk, xk − x⋆⟩ | Fk

]
=2αk⟨∇f(xk), xk − x⋆⟩ ≥ 2αk(f(x

k)− f(x⋆))

= 2αk

(
f(xk)− f(ΠC(x

k)) + f(ΠC(x
k))− f⋆

)
≥ 2αk⟨∇f(ΠC(x

k)), xk −ΠC(x
k)⟩

+ 2αk

(
f(ΠC(x

k))− f⋆
)
,

(10)

where the first equality follows from the definitions of vk,
the random index subset Ik and the collection Fk, the first
inequality from the convexity of f , and the second inequality
from the convexity of f . Also, we have

2αk⟨∇f(ΠC(x
k)), xk −ΠC(x

k)⟩
≥ − 2αk∥∇f(ΠC(x

k))−∇f(xk)∥∥xk −ΠC(x
k)∥

− 2αk∥∇f(xk)∥∥xk −ΠC(x
k)∥

≥ − 2αk(L∥xk −ΠC(x
k)∥+R)∥xk −ΠC(x

k)∥
− 2αk∥∇f(xk)∥∥xk −ΠC(x

k)∥
≥ − 2αkL∥xk −ΠC(x

k)∥2 − 2αkR∥xk −ΠC(x
k)∥

− 2αk∥∇f(xk)−∇f(x⋆)∥∥xk −ΠC(x
k)∥

− 2αk∥∇f(x⋆)∥∥xk −ΠC(x
k)∥,

(11)

where the first inequality follows from the Cauchy-Schwarz
inequality, the second from inequality (4), xk ∈ C0 and
ΠC(x

k) ∈ C ⊆ C0, and the third from the triangle inequality.
We then bound the second, third and fourth terms on the
last line of (11). We will use multiple times the fact that
2|a1a2| ≤ λa21 + 1

λa
2
2 for all a1, a2 ∈ R and λ > 0. The

second term can be bounded as

− 2αkR∥xk −ΠC(x
k)∥

≥ − α2
kR

2λ− 1

λ
∥xk −ΠC(x

k)∥2.
(12)

The third term can be bounded as

− 2αk∥∇f(xk)−∇f(x⋆)∥∥xk −ΠC(x
k)∥

≥ − 2αk(L∥xk − x⋆∥+R)∥xk −ΠC(x
k)∥

≥ − α2
kL

2λ∥xk − x⋆∥2 − 1

λ
∥xk −ΠC(x

k)∥2

− 2αkR∥xk −ΠC(x
k)∥,

≥− α2
kL

2λ∥xk − x⋆∥2 − α2
kR

2λ

− 2

λ
∥xk −ΠC(x

k)∥2,

(13)

where the first inequality follows from inequality (4) and the
last from (12). And the fourth term can be bounded as

− 2αk∥∇f(x⋆)∥∥xk −ΠC(x
k)∥

≥ − α2
kλ∥∇f(x⋆)∥2 − 1

λ
∥xk −ΠC(x

k)∥2.
(14)
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Substituting inequalities (11), (12), (13) and (14) into (10)
yields the desired result.

The next lemma establishes a recursion for the distance to
optimality ∥xk − x⋆∥.

Lemma 7. Suppose that Assumptions 1–3 hold. Consider
Algorithm 1. Then, for any λ > 0, x⋆ ∈ X⋆ and k = lr+s−1,
where l ≥ 0, s ∈ [r], we have

E
[
∥xk+1 − x⋆∥2 | Fk

]
≤ (1 + α2

k(24L
2 + L2λ))∥xk − x⋆∥2

+ α2
k

(
2λR2 + (λ+ 12)∥∇f(x⋆)∥2 + 36R2

)
− ( ρ

2mκ2 − 2αkL− 4
λ )∥x

k −ΠC(x
k)∥2

− 2αk(f(ΠC(x
k))− f⋆) + 48L2α2

k∥x̃l − x⋆∥2.
Proof. Since x⋆ ∈ X⋆ ⊆ C, we have x⋆ ∈ C0 and x⋆ ∈
Cjk ⊆ Hk. Let zk = xk − αkv

k. It follows that

∥xk+1 − x⋆∥2 ≤ ∥ΠHk

(
xk − αkv

k
)
− x⋆∥2

≤∥xk − αkv
k − x⋆∥2 − ∥ΠHk

(zk)− zk∥2

= ∥xk − x⋆∥2 + α2
k∥vk∥2

− ∥ΠHk
(zk)− zk∥2 − 2αk⟨vk,xk − x⋆⟩,

where the first inequality follows from Lemma 1(i) and the
fact that x⋆ ∈ C0, and the second from the definition of zk,
Lemma 1(ii) and the fact that x⋆ ∈ Hk. Taking conditional
expectation on the last inequality and using Lemmas 5 and 6,

E
[
∥xk+1 − x⋆∥2 | Fk

]
≤∥xk − x⋆∥2 − 2αkE

[
⟨vk,xk − x⋆⟩ | Fk

]
+ E

[
α2
k∥vk∥2 − ∥ΠHk

(zk)− zk∥2 | Fk

]
≤ (1 + α2

k(8L
2 + L2λ))∥xk − x⋆∥2

+ (2αkL+ 4
λ )∥x

k −ΠC(x
k)∥2

+ α2
k(2λR

2 + (λ+ 4)∥∇f(x⋆)∥2 + 12R2)

+ 16L2α2
k∥x̃l − x⋆∥2 − 2αk(f(ΠC(x

k))− f⋆)

− E
[
∥ΠHk

(zk)− zk∥2 | Fk

]
.

(15)

We then bound the term E[∥ΠHk
(zk)− zk∥2 | Fk] in last

line of (15). First, from the triangle inequality and Lemma 1(i),
we have that

∥ΠHk
(xk)− xk∥

≤∥zk − xk∥+ ∥ΠHk
(zk)− zk∥+ ∥ΠHk

(xk)−ΠHk
(zk)∥

≤∥zk −ΠHk
(zk)∥+ 2∥xk − zk∥

≤∥zk −ΠHk
(zk)∥+ 2αk∥vk∥

which together with Lemma 5 yields that

E
[
∥ΠHk

(xk)− xk∥2 | Fk

]
≤ 2E

[
∥zk −ΠHk

(zk)∥2 | Fk

]
+ 4α2

k E[∥vk∥2 | Fk]

≤ 2E
[
∥zk −ΠHk

(zk)∥2 | Fk

]
+ 32L2α2

k∥xk − x⋆∥2

+ 64L2α2
k∥x̃l − x⋆∥2 + α2

k(48R
2 + 16∥∇f(x⋆)∥2).

Rearranging the above inequality gives

− E
[
∥zk −ΠHk

(zk)∥2 | Fk

]
≤ 16L2α2

k∥xk − x⋆∥2 − 1

2
E
[
∥ΠHk

(xk)− xk∥2 | Fk

]
+ 32L2α2

k∥x̃l − x⋆∥2 + α2
k(24R

2 + 8∥∇f(x⋆)∥2).

(16)

Plugging (16) into (15) and using Lemma 4, we obtain

E
[
∥xk+1 − x⋆∥2 | Fk

]
≤

(
1 + α2

k(24L
2 + L2λ)

)
∥xk − x⋆∥2

+ α2
k

(
2λR2 + (λ+ 12)∥∇f(x⋆)∥2 + 36R2

)
− ( ρ

2mκ2 − 2αkL− 4
λ )∥x

k −ΠC(x
k)∥2

− 2αk(f(ΠC(x
k))− f⋆) + 48L2α2

k∥x̃l − x⋆∥2.

This completes the proof.

The following lemmas are used in the proof of Theorem 4.

Lemma 8. Suppose that the conditions of Theorem 4 hold. Let
β = 1− ρ

8mκ2 . Then, for any k ≥ 0, we have

E[∥xk+1 −ΠC(x
k+1)∥2] ≤ βE[∥xk −ΠC(x

k)∥2] +O(α2
k).

Proof. Let zk = xk − αkv
k and τ = (1− β)−1. We have

∥xk+1 −ΠC(x
k+1)∥2

≤∥xk+1 −ΠC(x
k)∥2 − ∥ΠC(x

k)−ΠC(x
k+1)∥2

≤∥ΠHk
(zk)−ΠC(x

k)∥2 − ∥ΠC(x
k)−ΠC(x

k+1)∥2

≤∥zk −ΠC(x
k)∥2 − ∥ΠHk

(zk)− zk∥2

≤ (1 + 1
τ )∥x

k −ΠC(x
k)∥2 + (1 + τ)α2

k∥vk∥2

− ∥ΠHk
(zk)− zk∥2,

(17)

where the first inequality follows from Lemma 1(ii), the second
from that xk+1,ΠC(x

k) ∈ C0, the third from Lemma 1(ii), and
the fourth from the inequality (a+b)2 ≤ (1+ 1

τ )a
2+(1+τ)b2.

We then bound E[∥vk∥2 | Fk]. Using the definition of vk,
inequality (4), Lemma 1(i) and the boundedness of C, we get

E[∥vk∥2 | Fk]

≤ 2L2∥xk − x̃l∥2 + 2E[∥∇f(x̃l))∥2 | Fk]

≤ 4L2∥xk −ΠC(x
k)∥2 + 4L2∥ΠC(x

k)− x̃l∥2

+ 4∥∇f(x̃l)−∇f(ΠC(x̃
l))∥2 + 4∥∇f(ΠC(x̃

l))∥2

≤ 4L2∥xk −ΠC(x
k)∥2 + 12L2∥ΠC(x̃

l)− x̃l∥2 +O(1).
(18)

We next bound −E[∥zk−ΠHk
(zk)∥2 | Fk]. Using Lemma 1(i),

∥ΠHk
(xk)− xk∥

≤∥ΠHk
(xk)−ΠHk

(zk)∥+ ∥ΠHk
(zk)− zk∥+ ∥zk − xk∥

≤∥zk −ΠHk
(zk)∥+ 2∥xk − zk∥

= ∥zk −ΠHk
(zk)∥+ 2αk∥vk∥.

Taking conditional expectation and using inequality (18),

E[∥ΠHk
(xk)− xk∥2 | Fk]

≤ 2E[∥zk −ΠHk
(zk)∥2 | Fk] + 162α2

kL
2∥xk −ΠC(x

k)∥2

+ 48α2
kL

2∥ΠC(x̃
l)− x̃l∥2 +O(α2

k).

Rearranging the above inequality and using Lemma 4 yields

− E[∥zk −ΠHk
(zk)∥2 | Fk]

≤
(
− ρ

2mκ2 + 8L2α2
k

)
∥xk −ΠC(x

k)∥2

+ 24L2α2
k∥ΠC(x̃

l)− x̃l∥2 +O(α2
k).

(19)
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Using (17), (18) and (19) and the definitions of τ and αk,

E[∥xk+1 −ΠC(x
k+1)∥2 | Fk]

≤ (1− ρ
4mκ2 )∥xk −ΠC(x

k)∥2 +O(α2
k)

+ 12L2α2
k(3 + τ)∥ΠC(x̃

l)− x̃l∥2.
(20)

Using the tower property of conditional expectation [43,
Theorem 2.3.2(iii)], (20) and the boundedness of αk, we have

E[∥x̃l+1 −ΠC(x̃
l+1)∥2 | Flr]

≤ (1− ρ
4mκ2 )∥x̃l −ΠC(x̃

l)∥2 +O(α2
lr)

+ 12rL2α2
k(3 + τ)∥ΠC(x̃

l)− x̃l∥2

≤ (1− ρ
8mκ2 )∥x̃l −ΠC(x̃

l)∥2 +O(1)

≤βl+1∥x0 −ΠC(x
0)∥2 +O(1),

where the last inequality follows from inductively using the
second last one. Therefore, the sequence {E[∥x̃l−ΠC(x̃

l)∥2 |
Flr]}l is bounded. By (20), we get the desired inequality.

Lemma 9. Suppose that the conditions of Theorem 4 hold.
Then, {E[∥xk − x⋆∥]}k and {E[∥xk∥]}k are bounded se-
quences.

Proof. For any x⋆ ∈ X⋆, applying Lemma 8 inductively yields

E[∥xk+1 − x⋆∥2]
≤ 2E[∥xk+1 −ΠC(x

k+1)∥2] + 2E[∥ΠC(x
k+1)− x⋆∥2]

≤ 2βk+1∥x0 −ΠC(x
0)∥2 +O(1) + 2E[∥ΠC(x

k+1)− x⋆∥2].

Since C is bounded, the sequences {E[∥xk − x⋆∥2]} and
{E[∥xk∥2]} are bounded. The proof is completed.

Lemma 10. Suppose that the conditions of Theorem 4 hold.
Then, for k ∈ {lr, lr + 1, · · · , lr + r − 1}, we have

E[∥xk+1 − x̃l∥2] ≤ O(α2
k) + 2r

t=k∑
t=lr

E[∥xt −ΠC(x
t)∥2].

Proof. We first prove that

E[∥xk+1 − xk∥2] ≤ O(α2
k) + 2E[∥xk −ΠC(x

k)∥2]. (21)

Since C0 = Rd,

xk+1 =

xk − αkv
k −

(ϕjk
(xk)−αk⟨ξk,vk⟩)

+

∥ξk∥2 ξk if ξk ̸= 0,

xk − αkv
k if ξk = 0.

If ξk = 0, it follows from (18) and Lemma 9 that

E[∥xk+1 − xk∥2] = α2
k E[∥vk∥2] ≤ O(α2

k),

which implies (21). If ξk ̸= 0, then

∥xk+1 − xk∥ = ∥αkv
k +

(ϕjk
(xk)−αk⟨ξk,vk⟩)

+

∥ξk∥2 ξk∥

≤αk∥vk∥+ (ϕjk
(xk))+

∥ξk∥ + (αk⟨ξk,vk⟩)+
∥ξk∥

≤ 2αk∥vk∥+ ∥xk −ΠHk
(xk)∥

≤ 2αk∥vk∥+ ∥xk −ΠC(x
k)∥,

where the second inequality follows from Lemma 2, and the
last from ΠC(x

k) ∈ C ⊆ Hk. By (18) and Lemma 9, (21)
follows. For k ∈ {lr, lr + 1, · · · , lr + r − 1}, (21) implies

E[∥xk+1 − x̃l∥2] ≤ r

t=k∑
t=lr

E[∥xt+1 − xt∥2]

≤O(α2
k) + 2r

t=k∑
t=lr

E[∥xt −ΠC(x
t)∥2].

The proof is completed.

B. Proof of Proposition 1

The proof of case (i) can be founded in [28]. We therefore
prove only case (ii). If x ∈ C, then (5) trivially holds. We thus
assume that x /∈ C. Let I(x) be the set defined by

I(x) = {j ∈ [m] | ϕj(x) > 0}. (22)

Since x ∈ C0, we have that x /∈ ∩j∈[m]Cj and hence the
index set I(x) is non-empty. By [44, Theorem 9], there exists
a constant γ > 0 such that

dist(x, C) ≤ γϕj′(x), (23)

where j′ ∈ argmaxj∈[m] ϕj(x) and γ does not depend on x.
Clearly, j′ ∈ I(x) and hence ϕj′(x) = maxj∈I(x) ϕj(x). By
supposition, there exists a constant η > 0 such that for any
j ∈ [m], x ∈ C0 and ξj ∈ ∂ϕj(x), we have ∥ξj∥ ≤ η. Fix an
arbitrary ξj′ ∈ ∂ϕj′(x). If ξj′ ̸= 0,

ϕj′(x) ≤ − ⟨ξj′ ,ΠH(ϕj′ ;x; ξj′ ))
(x)− x⟩

≤ η dist(x, H(ϕj′ ; x; ξj′)),

where the first inequality follows from the definition
of H(ϕj′ ; x; ξj′) and the fact that ΠH(ϕj′ ;x; ξj′ ))

(x) ∈
H(ϕj′ ; x; ξj′), and the second inequality follows from the
Cauchy-Schwarz inequality and the uniform bound of the
subdifferential ϕj(x). If ξj′ = 0, by convexity, x is a
minimizer of ϕj′ and

ϕj′(x) = min
y∈Rd

ϕj′(y) ≤ 0,

where the inequality follows from the non-emptiness of {y ∈
Rd | ϕj(y) < 0, j ∈ [m]}. However, by the definition of j′,
ϕj′(x) > 0. Hence, it is impossible to have ξj′ = 0. Therefore,

ϕj′(x) ≤ η min
ξj′∈∂ϕj′ (x)

dist(x, H(ϕj′ ; x; ξj′)),

which, together with (23), implies that

dist(x, C)

≤ γη min
ξj′∈∂ϕj′ (x)

dist(x, H(ϕj′ ; x; ξj′))

≤ γη max
j∈[m]

min
ξj∈∂ϕj(x)

dist(x, H(ϕj ; x; ξj)).

Noting that both constants γ and η are independent of x, this
completes the proof.
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C. Proof of Theorem 1

We first prove that the sub-sequence {x̃l} converges. Since
µl → 0 as l → ∞, there exists l0 ≥ 0 such that 2µlL ≤ ρ

8mκ2

for any l ≥ l0. Take λ = 32mκ2ρ−1. Then, for any for any
l ≥ l0,

ρ

2mκ2
− 2µlL− 4

λ
≥ ρ

4mκ2
> 0.

Fix any optimal solution x⋆ ∈ X⋆. It follows from Lemma 7
and the definition of αk that for all l ≥ l0,

E
[
∥xk+1 − x⋆∥2 | Fk

]
≤ (1 +O(α2

k)) ∥xk − x⋆∥2 +O(α2
k) +O(α2

k)∥x̃l − x⋆∥2

− ρ

4mκ2
∥xk −ΠC(x

k)∥2 − 2µl(f(ΠC(x
k))− f⋆) (24)

≤ (1 +O(µ2
l )) ∥xk − x⋆∥2 +O(µ2

l )∥x̃l − x⋆∥2 +O(µ2
l ).

Using the tower property of conditional expectation [43,
Theorem 2.3.2(iii)] and inequality (24),

E
[
∥xlr+r − x⋆∥2 | Flr

]
=E

[
E
[
∥xlr+r−1+1 − x⋆∥2 | Flr+r−1

] ∣∣∣Flr

]
≤ (1 +O(µ2

l ))E
[
∥xlr+r−1 − x⋆∥2

∣∣∣Flr

]
+O(µ2

l )∥x̃l − x⋆∥2 +O(µ2
l )

... (25)

≤ (1 +O(µ2
l ))

r−1E[∥xlr+1 − x⋆∥2 | Flr]

+
(
O(µ2

l )∥x̃l − x⋆∥2
) r−2∑
s=0

(1 +O(µ2
l ))

s

+O(µ2
l )

r−2∑
s=0

(1 +O(µ2
l ))

s.

Similarly, we get

E
[
∥xlr+1 − x⋆∥2 | Flr

]
≤ (1 +O(µ2

l )) ∥x̃l − x⋆∥2 − ρ

4mκ2
∥x̃l −ΠC(x̃

l)∥2

+O(µ2
l )− 2µl(f(ΠC(x̃

l))− f⋆).

(26)

Since µl < 1 for sufficiently large l, (1+O(µ2
l ))

s ≤ 1+O(µ2
l )

for any l and s ∈ [r]. We thus have

E
[
∥x̃(l+1) − x⋆∥2 | Flr

]
≤ (1 +O(µ2

l ))
rE

[
∥xlr+1 − x⋆∥2 | Flr

]
+
(
O(µ2

l )∥x̃l − x⋆∥2 +O(µ2
l )
) r−1∑
s=0

(1 +O(µ2
l ))

s (27)

− ρ

4mκ2
∥x̃l −ΠC(x̃

l)∥2 − 2µl(f(ΠC(x̃
l))− f⋆)

≤ (1 +O(µ2
l )) ∥x̃l − x⋆∥2 +O(µ2

l )

− ρ

4mκ2
∥x̃l −ΠC(x̃

l)∥2,

where the first inequality follows by substituting (26) into (25).
Note that now the constants hidden in the big-O notation could
possibly depend on r, but they are independent of µl or l.

Applying Lemma 3 to the recursion (27), we have that the
sequence {∥x̃l − x⋆∥2} converges almost surely, that

∞∑
l=0

µl[f(ΠC(x̃
l))− f⋆] < ∞ a.s., (28)

and that ∞∑
l=0

∥x̃l −ΠC(x̃
l)∥2 < ∞ a.s. (29)

By inequality (28) and the fact that
∑∞

l=0 µl = ∞,

lim inf
l→∞

f(ΠC(x̃
l)) = f⋆ a.s. (30)

Also, inequality (29) implies that

lim
l→∞

∥ΠC(x̃
l)− x̃l∥ = 0 a.s. (31)

Since the sequence {∥x̃l − x⋆∥} converges almost surely, the
sequence {x̃l} is bounded and has an accumulation point x̃⋆

almost surely. Therefore, there exists a sub-sequence {x̃lt}
such that x̃lt → x̃⋆ as t → ∞. By relation (31) and continuity
of ΠC(·), the sequence ΠC(x̃

lt) converges almost surely to
ΠC(x̃

⋆) = x̃⋆ ∈ C. It follows from (30) and the continuity
of f that f(x̃⋆) = f⋆. Hence, x̃⋆ ∈ X⋆. Since ∥x̃l − x⋆∥
converges almost surely for every x⋆ ∈ X⋆, we have that
∥x̃l − x̃⋆∥ converges almost surely. Since ∥x̃lt − x̃⋆∥ → 0 as
t → ∞ almost surely, we have that ∥x̃l − x̃⋆∥ → 0 as l → ∞
almost surely. Thus, almost surely, we have liml→∞ x̃l = x̃⋆.
To prove the convergence in {xk}, by the boundedness of the
sequence {∥x̃l − x̃⋆∥2} and Lemma 7,

E
[
∥xk+1 − x̃⋆∥2 | Fk

]
≤ (1 +O(α2

k))∥xk − x̃⋆∥2 +O(α2
k)

− ρ

4mκ2
∥xk −ΠC(x

k)∥2 − 2αk(f(ΠC(x
k))− f⋆),

which, together with Lemma 3 and the fact that
∑∞

k=0 α
2
k < ∞,

implies that the sequence {∥xk−x̃⋆∥2} converges almost surely.
Since the sub-sequence {∥x̃l − x̃⋆∥2} converges almost surely
to 0, we have that {∥xk − x̃⋆∥2} converges almost surely to 0
as well, which shows that limk→∞ xk = x̃⋆. This completes
the proof.

D. Proof of Theorem 2

We first prove the convergence rate of the feasibility gap.
Fix an arbitrary optimal solution x⋆ ∈ X⋆. By using Lemma 7
with λ = 16mκ2ρ−1 and the definition of αk, we have that
for all k ≥ 0,

ρ

2mκ2
− 2αkL− 4

λ
≥ ρ

8mκ2
,

and hence that

E
[
∥xk+1 − x⋆∥2 | Fk

]
≤ (1 +O(α2

k))∥xk − x⋆∥2 +O(α2
k)∥x̃l − x⋆∥2

+O(α2
k)−

ρ

8mκ2
∥xk −ΠC(x

k)∥2 (32)

− 2αk(f(ΠC(x
k))− f⋆)

≤ (1 +O(α2
k))∥xk − x⋆∥2 +O(α2

k)∥x̃l − x⋆∥2 +O(α2
k).
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Since C0 is compact, the sequences {∥xk−x⋆∥2}k and {∥x̃l−
x⋆∥2}l are bounded. By inequality (32), for any k ≥ 0,

ρ

8mκ2
E
[
∥xk −ΠC(x

k)∥2
]

≤E
[
∥xk − x⋆∥2

]
+O(α2

k)

− E
[
E
[
∥xk+1 − x⋆∥2 | Fk

]]
(33)

=E
[
∥xk − x⋆∥2

]
− E

[
∥xk+1 − x⋆∥2

]
+O(α2

k).

Summing the last inequality over k, we get

ρ

8mκ2

K−1∑
k=0

E
[
∥xk −ΠC(x

k)∥2
]

≤∥x0 − x⋆∥2 − E
[
∥xK − x⋆∥2

]
+O(1)

K−1∑
k=0

α2
k

≤O(1) +O(1)

K∑
k=1

1

k
≤ O(1) log(K).

By the convexity of dist2(·, C), it follows that

E
[
dist2(x̄K , C)

]
≤ 1

K

K−1∑
k=0

E
[
∥xk −ΠC(x

k)∥2
]

≤O
(
log(K)

K

)
.

Next, we prove the convergence rate of the optimality gap. By
the definition of vk, we have

E
[
⟨vk,xk − x⋆⟩ | Fk

]
≥ f(xk)− f⋆,

which, together with that x⋆ ∈ Hk, C0 and Lemma 5, implies

E
[
∥xk+1 − x⋆∥2 | Fk

]
≤ E

[
∥xk − αkv

k − x⋆∥2 | Fk

]
=E

[
∥x− x⋆∥2 + α2

k∥vk∥2 − 2αk⟨xk − x⋆,vk⟩ | Fk

]
≤ (1 + 8L2α2

k)∥xk − x⋆∥2 + 16L2α2
k∥x̃l − x⋆∥2

− 2αk

(
f(xk)− f⋆

)
+ 4∥∇f(x⋆)∥2α2

k + 12R2α2
k

≤∥xk − x⋆∥2 − 2αk

(
f(xk)− f⋆

)
+O(1)α2

k,

where the last inequality follows from the boundedness of C0

and the fact that x̃l,xk,x⋆ ∈ C0. Taking expectation on both
sides, we obtain

E
[
f(xk)− f⋆

]
≤ 1

2αk

(
E
[
∥xk − x⋆∥2

]
− E

[
∥xk+1 − x⋆∥2

])
+O(αk).

Summing of the last inequality over k, we get

K−1∑
k=0

E
[
f(xk)− f⋆

]
≤ 1

2α̃
E
[
∥x0 − x⋆∥2

]
−

√
K

2α̃
E
[
∥xK − x⋆∥2

]
+

1

2α̃

∑
k∈[K−1]

(√
k + 1−

√
k
)
E
[
∥xk − x⋆∥2

]
(34)

+O

 ∑
k∈[K]

1√
k


≤O(1) +O(1)

∑
k∈[K−1]

(√
k + 1−

√
k
)
+O

 ∑
k∈[K]

1√
k


≤O(1) +O(

√
K − 1) +O(

√
K) = O(

√
K),

where the second inequality follows from the boundedness of
C0, and the last from the fact that∑

k∈[K]

1√
k
≤

∫ K+1

1

dt√
t
= 2(

√
K + 1− 1).

By the convexity of f and (34), we have

E[f(x̄K)] ≤ 1

K

K−1∑
k=0

E[f(xk)] ≤ f⋆ +O
(

1√
K

)
.

This completes the proof.

E. Proof of Theorem 3

Similarly to (33), we get for any k ≥ 0,
ρ

8mκ2
E
[
∥xk −ΠC(x

k)∥2
]

≤E
[
∥xk − x⋆∥2

]
+O(K−1)

− E
[
E
[
∥xk+1 − x⋆∥2 | Fk

]]
=E

[
∥xk − x⋆∥2

]
− E

[
∥xk+1 − x⋆∥2

]
+O(K−1).

Summing the above inequality over k, we have

ρ

8mκ2

K−1∑
k=0

E
[
∥xk −ΠC(x

k)∥2
]

≤∥x0 − x⋆∥2 − E
[
∥xK − x⋆∥2

]
+O(1)

K−1∑
k=0

1

K
≤ O(1).

By the convexity of dist2(·, C), it follows that

E
[
dist2(x̄K , C)

]
≤ 1

K

K−1∑
k=0

E
[
∥xk −ΠC(x

k)∥2
]
≤ O

(
1

K

)
.

Next, we prove the convergence rate of the optimality gap. By
the definition of vk, we have

E
[
⟨vk,xk − x⋆⟩ | Fk

]
= ⟨∇f(xk), xk − x⋆⟩

≥f(xk)− f(x⋆) = f(xk)− f⋆,
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which, together with that x⋆ ∈ Hk, C0 and Lemma 5, implies

E
[
∥xk+1 − x⋆∥2 | Fk

]
≤ E

[
∥xk − αvk − x⋆∥2 | Fk

]
=E

[
∥xk − x⋆∥2 + α2∥vk∥2 − 2α⟨xk − x⋆,vk⟩ | Fk

]
≤ (1 + 8L2α2)∥xk − x⋆∥2 + 16L2α2∥x̃l − x⋆∥2

− 2α
(
f(xk)− f⋆

)
+ 4∥∇f(x⋆)∥2α2 + 12R2α2

≤∥xk − x⋆∥2 − 2α
(
f(xk)− f⋆

)
+O

(
1

K

)
,

where the last inequality follows from the boundedness of C0

and the fact that x̃l,xk,x⋆ ∈ C0 and α = O(1/
√
K). Taking

expectation on both sides, we obtain

E
[
f(xk)− f⋆

]
≤ 1

2α

(
E
[
∥xk − x⋆∥2

]
− E

[
∥xk+1 − x⋆∥2

])
+O

(
1√
K

)
.

Summing of the last inequality over k, we get

K−1∑
k=0

E
[
f(xk)− f⋆

]
≤ 1

2α

K−1∑
k=0

(
E
[
∥xk − x⋆∥2

]
− E

[
∥xk+1 − x⋆∥2

])
+O(1)

K−1∑
k=0

1√
K

≤O(1)
√
K + 1 +O(1)

√
K = O(

√
K),

which, together with the convexity of f , yields

E[f(x̄K)− f⋆] ≤ 1

K

K−1∑
k=0

E[f(xk)− f⋆] ≤ O
(

1√
K

)
.

This completes the proof.

F. Proof of Theorem 4

To prove the feasibility gap, by Lemma 8, we get
ρ

8mκ2
E[dist2(xk, C)] =

ρ

8mκ2
E[∥xk −ΠC(x

k)∥2]

≤ E[∥xk −ΠC(x
k)∥2]− E[∥xk+1 −ΠC(x

k+1)∥2] +O(α2
k).

Summing this inequality over k, we get

1

K

K∑
k=0

E[∥xk −ΠC(x
k)∥2]

≤O
(

1
K

)
+O( 1

K )

K∑
k=1

1

k
2
3

≤ O
(

1

K
2
3

)
.

(35)

The desired bound on feasibility gap then follows from the
convexity of dist2(·, C). For the optimality gap, since R = 0,
inequality (4) implies

f(xk+1) ≤ f(xk) + ⟨∇f(xk),xk+1 − xk⟩
+ L

2 ∥x
k+1 − xk∥2.

Let x⋆ ∈ X⋆. By the convexity of f , we get

−f(x⋆) ≤ −(f(xk) + ⟨∇f(xk),x⋆ − xk⟩).

Adding the last two inequalities and taking conditional expec-
tation on the resulting inequality, we get

E[f(xk+1)− f(x⋆) | Fk]

≤E[⟨vk,xk+1 − x⋆⟩+ L
2 ∥x

k+1 − xk∥2 | Fk]

+ E[⟨∇f(xk)− vk,xk+1 − x⋆ | Fk⟩]
=E[⟨vk,xk+1 − x⋆⟩+ L

2 ∥x
k+1 − xk∥2 | Fk]

+ E[⟨∇f(xk)− vk,xk+1 − xk⟩ | Fk]

≤E[⟨vk,xk+1 − x⋆⟩+ L
2 ∥x

k+1 − xk∥2 | Fk]

+ E[2L∥xk+1 − xk∥2 + 2
L∥∇f(xk)− vk∥2 | Fk],

(36)

where the equality follows from E[⟨∇f(xk)− vk,xk − x⋆⟩ |
Fk] = 0. By the definition of vk, we have

E[∥∇f(xk)− vk∥2 | Fk]

≤ 2E[∥ 1
b

∑
i∈Ik

(∇fi(x
k)−∇fi(x̃

l))∥2 | Fk]

+ 2E[∥∇f(x̃l)−∇f(xk)∥2 | Fk]

≤ 4LE[∥xk − x̃l∥2 | Fk].

(37)

Substituting (37) into (36) yields

E[f(xk+1)− f(x⋆) | Fk]

≤E[⟨vk,xk+1 − x⋆⟩+ 5L
2 ∥xk+1 − xk∥2 | Fk]

+ 8E[∥xk − x̃l∥2 | Fk].

(38)

We then claim that
E[⟨vk,xk+1 − x⋆⟩+ 5L

2 ∥xk+1 − xk∥2 | Fk]

≤ 1
2αk

E[(∥xk − x⋆∥2 − ∥xk+1 − x⋆∥2) | Fk].
(39)

Indeed, if ξk = 0 or (ϕjk(x
k)− αk⟨ξk,vk⟩)+ = 0, from the

definition of xk+1, we have vk = 1
αk

(xk − xk+1) and

E[⟨vk,xk+1 − x⋆⟩+ 5L
2 ∥xk+1 − xk∥2 | Fk]

=E[ 1
2αk

(∥xk − x⋆∥2 − ∥xk+1 − x⋆∥2 − ∥xk+1 − xk∥2)
+ 5L

2 ∥xk+1 − xk∥2 | Fk]

≤ 1
2αk

E[∥xk − x⋆∥2 − ∥xk+1 − x⋆∥2 | Fk],

where the inequality follows from 5L/2 ≤ 1/(2αk). If ξk ̸= 0
and (ϕjk(x

k)− αk⟨ξk,vk⟩)+ > 0, we have

vk = 1
αk

(
xk − xk+1 − (ϕjk

(xk)−αk⟨ξk,vk⟩)
∥ξk∥2 ξk

)
and

⟨vk,xk+1 − x⋆⟩+ 5L
2 ∥xk+1 − xk∥2

≤ 1
2αk

(∥xk − x⋆∥2 − ∥xk+1 − x⋆∥2)

− (ϕjk
(xk)−αk⟨ξk,vk⟩)

αk∥ξk∥2 ⟨ξk,xk+1 − x⋆⟩.

(40)

By the convexity of ϕjk , we have

⟨−ξk,xk+1 − x⋆⟩ = ⟨ξk,x⋆ − xk + xk − xk+1⟩
≤ϕjk(x

⋆)− ϕjk(x
k) + ⟨ξk,xk − xk+1⟩ = ϕjk(x

⋆) ≤ 0,

which, together with (40) and (ϕjk
(xk)−αk⟨ξk,vk⟩)

αk∥ξk∥2 > 0, implies
(39). Substituting (39) into (38), we obtain

E[f(xk+1)− f(x⋆) | Fk]

≤ 1
2αk

E[(∥xk − x⋆∥2 − ∥xk+1 − x⋆∥2) | Fk] + 8E[∥xk − x̃l∥2 | Fk],



14

which, upon taking expectation and using Lemma 10, yields

E[f(xk+1)− f(x⋆)]

≤ 1
2 (

1
αk

E[∥xk − x⋆∥2]− 1
αk+1

E[∥xk+1 − x⋆∥2])

+ 1
2 (

1
αk+1

− 1
αk

)E[∥xk+1 − x⋆∥2]

+O(α2
k) + 16r

t=k∑
t=lr

E[∥xt −ΠC(x
t)∥2].

Summing this inequality over k and using Lemma 9, we have

K−1∑
k=0

(E[f(xk+1)]− f(x⋆))

≤ 1
2α0

∥x0 − x⋆∥2 + 1
αK+1

O(1) +

K−1∑
k=0

O(α2
k)

+ 16r2
K−1∑
k=0

E[∥xk −ΠC(x
k)∥2].

The last inequality, the definition of x̄ and (35) then imply

E[f(x̄K)]− f(x⋆)

≤ (1 + 1
αK+1

)O( 1
K ) +

1

K

K∑
k=0

O(α2
k) +O

(
1

K
2
3

)
≤O( 1

K ) +O(K
1
3

K ) +
1

K

K∑
k=0

O(α2
k) +O

(
1

K
2
3

)
≤O( 1

K ) +O( 1

K
2
3
) ≤ O

(
1

K
2
3

)
.

This completes the proof.

G. Proof of Theorem 5

By Theorem 1, {xk} converges almost surely to a point
in X⋆. Therefore, the sequence {E[∥xk∥]}k is bounded,
and by Lemma 1(i), inequality (4) and triangle inequality,
so are the sequences {E[∥x̃l∥]}l, {E[∥ΠX⋆(xk)∥]}k,
{E[∥xk − ΠX⋆(xk)∥]}k, {E[∥xk − ΠC(x

k)∥]}k and
{E

[
∥∇f(ΠX⋆(xk))∥2

]
}k. Using Lemma 1(i),

∥xk −ΠX⋆(xk)∥
≤∥xk −ΠC(x

k)∥+ ∥ΠC(x
k)−ΠX⋆(ΠC(x

k))∥
+ ∥ΠX⋆(ΠC(x

k))−ΠX⋆(xk)∥
≤ 2∥xk −ΠC(x

k)∥+ ∥ΠC(x
k)−ΠX⋆(ΠC(x

k))∥,

which implies that

− ∥ΠC(x
k)−ΠX⋆(ΠC(x

k))∥2

≤ 4∥xk −ΠC(x
k)∥2 − 1

2
∥xk −ΠX⋆(xk)∥2.

Using this inequality, Assumption 4 and the fact that αk ≥
8

ν(k+1) , we have

− αk(f(ΠC(x
k))− f⋆)

≤ − αkν

2
∥ΠC(x

k)−ΠX⋆

(
ΠC(x

k)
)
∥2

≤ 2ναk∥xk −ΠC(x
k)∥2 − 2

k + 1
∥xk −ΠX⋆(xk)∥2.

This inequality and Lemma 7 with λ = 32mκ2ρ−1 yield that

E
[
∥xk+1 −ΠX⋆(xk+1)∥2 | Fk

]
≤E

[
∥xk+1 −ΠX⋆(xk)∥2 | Fk

]
≤ (1 + α2

k(24L
2 + L2λ))∥xk −ΠX⋆(xk)∥2

+ 48L2α2
k∥x̃l −ΠX⋆(xk)∥2 + 36R2α2

k

+ α2
k

(
2λR2 + (λ+ 12)∥∇f(ΠX⋆(xk))∥2

)
− ( 3ρ

8mκ2 − 2αkL)∥xk −ΠC(x
k)∥2

−
(
αk +

8

ν(k + 1)

)(
f(ΠC(x

k))− f⋆
)

(41)

≤
(
1 + α2

k(24L
2 + L2λ)− 2

k + 1

)
∥xk −ΠX⋆(xk)∥2

− 8

ν(k + 1)

(
f(ΠC(x

k))− f⋆
)

−
(

3ρ

8mκ2
− 2αk(L+ ν)

)
∥xk −ΠC(x

k)∥2

+ α2
k

(
2λR2 + (λ+ 12)∥∇f(ΠX⋆(xk))∥2 + 36R2

)
+ 48L2α2

k∥x̃l −ΠX⋆(xk)∥2.

Noting that

3ρ

8mκ2
− 2αk(L+ ν)

=
3ρ

8mκ2
− 2αk(L+ ν) + 4α2

k(L+ ν)2mκ2ρ−1 −O(α2
k)

=
ρ

8mκ2
+

(√
ρ

4mκ2
−

√
4mκ2ρ−1αk(L+ ν)

)2

−O(α2
k)

≥ ρ

8mκ2
−O(α2

k),

and taking total expectation on (41), we have

E
[
∥xk+1 −ΠX⋆(xk+1)∥2

]
≤
(
1− 2

k + 1

)
E[∥xk −ΠX⋆(xk)∥2]

− 8

ν(k + 1)
E
[
f(ΠC(x

k))− f⋆
]
+O(α2

k)

−
(

3ρ

8mκ2
− 2αk(L+ ν)

)
E[∥xk −ΠC(x

k)∥2]

≤
(
1− 2

k + 1

)
E
[
∥xk −ΠX⋆(xk)∥2

]
− 8

ν(k + 1)
E
[
f(ΠC(x

k))− f⋆
]

− ρ

8mκ2
E
[
∥xk −ΠC(x

k)∥2
]
+O(α2

k),

where we used the boundedness of the sequences mentioned at
the beginning of the proof. Multiplying both sides of the last
inequality by (k + 1)k and using the fact that αk = O(1/k),
we have that for all K ≥ k,

ρ

8mκ2
(k + 1)kE

[
∥xk −ΠC(x

k)∥2
]

+
8

ν(K + 1)
(k + 1)kE

[
f(ΠC(x

k))− f⋆
]

≤ (k − 1)kE
[
∥xk −ΠX⋆(xk)∥2

]
− (k + 1)kE

[
∥xk+1 −ΠX⋆(xk+1)∥2

]
+O(1).



15

Summing the above inequality over k, we get
K∑

k=1

(k + 1)k
( ρ

8mκ2
E
[
∥xk −ΠC(x

k)∥2
])

+

K∑
k=1

(k + 1)k

(
8

ν(K + 1)
E
[
f(ΠC(x

k))− f⋆
])

≤O (K) ,

which, together with the convexity of ∥ · ∥2 and f , implies that

E
[
∥x̄K − x̂K∥2

]
≤ K

SK
O(1) and

E
[
f(x̂K)− f⋆

]
≤ K(K + 1)

SK
O(1),

(42)

where x̄K = 1
SK

∑
k∈[K] k(k+1)xk, x̂K = 1

SK

∑
k∈[K] k(k+

1)ΠC(x
k) and

SK =
∑

k∈[K]

(k2 + k) ≥ 1

6
K3.

It then follows from (42) and SK ≥ K3/6 that

E
[
dist2(x̄K , C)

]
≤ E

[
∥x̄K − x̂K∥2

]
≤ O

(
1

K2

)
and E

[
f(x̂K)− f⋆

]
≤ O

(
1

K

)
.

These two inequalities and the mean value theorem imply the
existence of θ ∈ [0, 1] such that

E
[
f(x̄K)− f⋆

]
≤ E

[
|f(x̄K)− f⋆|

]
≤E

[
f(x̂K)− f⋆

]
+ E

[
|f(x̄K)− f(x̂K)|

]
≤O

(
1

K

)
+ E

[
∥∇f(x̄K + θ(x̂K − x̄K))∥∥x̄K − x̂K∥

]
≤O

(
1

K

)
+

K

2
E
[
∥x̄K − x̂K∥2

]
+

1

2K
E
[
∥∇f(x̄K + θ(x̂K − x̄K))∥2

]
≤O

(
1

K

)
+O

(
1

K

)
E
[
∥∇f(x̄K + θ(x̂K − x̄K))∥2

]
.

The desired result follows from the boundedness of the
sequence {E

[
∥∇f(x̄K + θ(x̂K − x̄K))∥2

]
}K , which can be

proved as follows:

E
[
∥∇f(x̄K + θ(x̂K − x̄K))∥2

]
≤ 2E

[
∥∇f(x̄K + θ(x̂K − x̄K))−∇f(x0)∥2

]
+ 2∥∇f(x0)∥2

≤ 2L2E
[
(∥x̄K + θ(x̂K − x̄K)− x0∥+ 1)2

]
+ 2∥∇f(x0)∥2

≤O(1) + 8L2E
[
(∥x̄K − x0∥2 + ∥x̂K − x̄K∥2)

]
≤O(1) + 16L2∥x0∥2 +O

(
1

K

)
+

16L2

SK

∑
k∈[K]

(k + 1)kE
[
∥xk∥2

]
≤ O(1),

where the second inequality follows from (4), the third from
θ ∈ [0, 1], the fourth from the convexity of ∥ · ∥2, and the last
from the boundedness of the sequence

{
E
[
∥xk∥2

]}
k
. This

completes the proof.
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