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Abstract—For many applications in signal processing and
machine learning, we are tasked with minimizing a large sum of
convex functions subject to a large number of convex constraints.
In this paper, we devise a new random projection method (RPM) to
efficiently solve this problem. Compared with existing RPMs, our
proposed algorithm features two useful algorithmic ideas. First, at
each iteration, instead of projecting onto the subset defined by one
of the constraints, our algorithm only requires projecting onto a
half-space approximation of the subset, which significantly reduces
the computational cost as it admits a closed-form formula. Second,
to exploit the structure that the objective is a sum, variance
reduction is incorporated into our algorithm to further improve
the performance. As theoretical contributions, under a novel error
bound condition and other standard assumptions, we prove that
the proposed RPM converges to an optimal solution and that
both optimality and feasibility gaps vanish at a sublinear rate. In
particular, via a new analysis framework, we show that our RPM
attains a faster convergence rate in optimality gap than existing
RPMs when the objective function has a Lipschitz continuous
gradient, capitalizing the benefit of the variance reduction. We
also provide sufficient conditions for the error bound condition
to hold. Experiments on a beamforming problem and a robust
classification problem are also presented to demonstrate the
superiority of our RPM over existing ones.

Index Terms—Constrained Optimization, Finite-Sum Minimiza-
tion, Random Projection Method, Relaxed Projection, Variance
Reduction, Convergence Rate Analysis.

I. INTRODUCTION

HIS paper considers the following constrained convex
optimization problem:

m:gn flx) = %Zfl(a:)
i=1

s.t. x € O:O()ﬁC[m],

(1

where f; : R — R is a differentiable convex function for
i=1,...,n, Cy C R? is a non-empty, closed and convex
set, C[m] = mje[m]cj’ and Oj = {.’13 e R4 ‘ (,ZSJ(GC) < O}
with ¢; R? — R being a convex but possibly non-
differentiable function for j € [m]. Here and throughout the
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paper, [t] = {1,...,t} for any positive integer t. Problem
finds applications across a wide range of areas. Below we
present two concrete examples.

Example 1. The first example is (linearly) constrained least
squares problem:

min || Az — a?
z (2)
st. Bx <b,

where A € R4 g € R, B € R™*? and b € R™. Prob-
lem (2) subsumes constrained LASSO [1], [2]] and generalized
LASSO [3] as special cases and can be applied to many
signal processing problems, including linear quadratic state
estimation [4]], trend filtering [5], wavelet smoothing [6] and
neural decoding [7]].

Example 2. Another example of problem (I) arises from
the context of robust classification and will be used in our
numerical experiments in Section To begin, we define a
distance between two probability distributions P; and Ps:

W(Py,Ps)

= mmin
Qer(Py,P2)
where = = R x {+1,—1} and T'(P;,P,) is the set of joint
distributions on = x = with the first marginal P; and second
marginal P5. The distance W is an instance of Wasserstein
distance [[8]]. The ball centered at IP of radius €e>0 in the space
of probability distributions is denoted by B, (P). Based on ideas
from distributionally robust optimization [9], the following
model for robust binary classification is considered in [10]:

min  sup E(y y)p [log (1 +exp (—yu'w))],

u€R’ pe g (B)
which is intractable in general, due to the infinite-dimensionality
of the maximization. However, if the center I’ is an empirical
distribution associated with a sample {(w;,¥:)}ic[n), then
by [10] it is equivalent to the problem

min
u,8,\

1
Ae + - E (si + log (1 + exp (—yi uT'wi)))
T ws . i
st yju w; <sj+ A\ jen]
Jul| <\, ue R, seRY, AER.

In the notation of problem (i), d=¢+1+n, m=n, x =
(wT,AsT)T, Co = {(u, AsT)T : Jlull < A, s € R},

Lo = wallo + 11— vaD) Qw1 ). (2. ).
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fi(x) = e+ s; +log (1 +exp (—y;u'w;)) and ¢;(x) =
yju'w; —\—s; fori,j € [n].

A straightforward algorithm for problem (T)) is the projected
gradient method (PGM) whose iteration takes the form zhtl =
I (2% — i,V f(2*)), where oy, > 0 is the step-size and
II¢(-) denotes the projection map onto C. The theory on PGM
is rather complete, at least for convex problems. For example, it
can be proved that under mild assumptions, PGM converges to
an optimal solution with a sublinear rate O(1/K) [11]], where
K is the total number of iterations. Under stronger assumptions,
it is also proved that PGM converges linearly to an optimal
solution [12] (i.e., O(c¥) for some ¢ € (0, 1)).

However, PGM is not a viable algorithm for solving
problem (I) if

(1) the number n of summands f; is large,

(ii) the number m of constraints is large, or
(iii) the projections onto some of the subsets C; are difficult.
In case of difficulty it is expensive to compute the gradient
Vf(x*); and when we have difficulty or computing
the projection Il onto the whole feasible region C is highly
computationally demanding, if not impossible.

A standard idea to handle difficulty is to replace the
gradient V f(x*) by the random estimator V f;, ("), where
ix is a random index. The resulting algorithm is known as the
stochastic gradient method (SGM), which traces back to the
work [13] of Robbins and Monro. A natural generalization of
SGM is the mini-batch SGM [[14], where instead of a single
summand f;, multiple summands are used to form the random
gradient estimator. SGM and its variants have become arguably
the most popular algorithms for modern, large-scale machine
learning. One particular reason comes from its significantly
lower per iteration cost, compared to that of PGM. For more
details, we refer the readers to the recent survey [15]. A major
drawback of SGM and its mini-batch variant is that its gradient
estimator tends to introduce a large variance to the algorithm,
which necessitates the use of conservative step-size and in turn
leads to slow convergence. Indeed, the convergence rate of
SGM for minimizing smooth (non-strongly) convex function
is only O(1/V/K) [16], which is worse than the rate O(1/K)
of the standard PGM based on the exact gradient. Similarly,
to minimize a smooth strongly convex function, SGM can
only achieve a slower rate of O(1/K) [14], as compared to
the linear convergence rate of the gradient descent. Various
variance reduction techniques have been proposed to remedy
the variance issue. Notable examples of variance reduced SGM
include SAG [17], SAGA [18]] and SVRG [19]. Thanks to
the variance reduction techniques, the convergence rates of
these variants match with that of the gradient descent on both
non-strongly and strongly convex problems.

To deal with optimization problems with a large number of
constraints, i.e., in the presence of difficulty one could
adopt the framework of random projection methods (RPMs).
Roughly speaking, at each iteration, an RPM improves fea-
sibility with respect to the intersection Cf,,,; by using only
one randomly selected subset Cj, but ignores the others,
where j; is a random index. The computational cost at each
iteration can thus be substantially reduced. In the context of
optimization, RPMs were first studied by Nedi¢ in [20]], which

can be viewed as an extension of the algorithm in [21] by
Polyak for convex feasibility problems to convex minimization
problems. Subsequent works on RPMs include [22[]-[25[. On
the theoretical side, these works typically show that under
certain assumptions, both the optimality and feasibility gaps
converge to zero at a sublinear rate.

Some of these RPMs, such as [22], [23]], [25]], are designed
for constrained optimization where the objective is an ex-
pectation f(x) = E;[f;(x)] and subsumes the finite-sum
objective in problem (I) as a special case. In these works,
it is assumed that given any x, one can access V f;(x) at
some realization ¢ of the random variable I, serving as a
random gradient estimator, which is used in the updating
step of the algorithms. Therefore, it similarly suffers from the
variance issue. In view of our previous discussion, it is tempted
to replace the gradient estimator V f;(xz*) by its variance
reduced counterpart. Unfortunately, it is unclear whether the
variance reduced estimators satisfy the assumptions required
by the existing RPMs, such as [23, Assumption 1(c)] and [25}
Assumption 1]. Hence, incorporating variance reduction into
RPMs with provable theoretical guarantees is highly nontrivial.
One of the contributions of this paper is to show that an
improved convergence rate can be obtained by integrating the
SVRG variance reduction technique into RPMs.

When difficulty is present, computing the projection
onto the subset C; could be time consuming. This hinders
the the practicality of projection-based RPMs, such as [22],
[23]], where each iteration requires computing the projection
Hc;, onto the randomly selected subset C,. In such a case,
one could improve the efficiency by approximating the subset
Cj, by a half-space at each iteration. The advantage is that
the projection onto a half-space can be computed much more
efficiently via an explicit formula. The idea of approximating
complicated feasible region by half-spaces is not new. It has
been studied in many other settings and under different names,
including the outer approximation method [26] and the cutting-
plane method [27].

In this paper, we develop a new RPM that aims at solving
problem (I) in the face of difficulties The proposed
algorithm features two useful algorithmic ideas that can signif-
icantly improve the practical performance: variance reduction
and half-space approximation of the complicated subsets. To
the best of our knowledge, this is the first time these two ideas
are simultaneously incorporated into the framework of RPMs.
Furthermore, the proposed RPM enjoys rigorous theoretical
guarantees. Under assumptions similar to previous works, we
prove that the sequence of iterates generated by our RPM
converges to an optimal solution to problem (T)). Moreover, the
convergence rates of the optimality gap and the feasibility gap
are O(1/VK) and O(1/K), respectively. If f has a Lipschitz
gradient, then the advantage of the variance reduction can be
realized theoretically, and the rate of the optimality gap is
improved to O(1/K?/?). Finally, under a quadratic growth
condition on f, the rates can be strengthened to O(1/K) and
O(1/K?), respectively. Because of the integration of the two
new algorithmic ideas, theoretical frameworks of existing RPMs
do not apply, and new analyses are developed. In particular,
we have formulated and proved an error bound-type condition,



which plays an instrumental role in the theoretical development
of our RPM. We believe that it could be of independent interest
in the study of other optimization algorithms.

The rest of this paper is organized as follows. We present the
proposed algorithm and the required assumptions in Section
and Section [lII} respectively. In Section we study the
convergence behaviour of the proposed algorithm. Numerical
results are reported in Section [V]

A. Notation

The Euclidean norm and inner product are denoted by || - ||
and (-, -), respectively. For two non-negative sequences {a}
and {by }, we write a = O(by,) if there exists ¢ > 0 such that
ay < cby, for any k > 0. We denote by |S| the cardinality of a
set S. For any convex function ¢ and x € dom(¢), we denote
by d¢(z) = {€ € R | ¢(y) — d(x) > (&, y —x), Yy €
R?} the subdifferential of ¢ at x. The optimal value and
optimal solution set of problem (I)) are denoted by f* and
X, respectively. We abbreviate “almost surely” as “a.s”. For a
collection G of random variables, E[-|G] denotes the conditional
expectation. Given any D C R?, we denote the distance from
x € R? to D by dist(z, D) = inf{||ly — x| | y € D}. If D
is closed and convex, the projection is denoted by IIp(x) =
argmin{|ly — z| | y € D}. We denote (t); = max{t,0} for
teR.

II. VARIANCE REDUCED RANDOM RELAXED PROJECTION
METHOD

We propose a new RPM for solving problem (I)), namely the
variance reduced random relaxed projection method (VR*PM)
in Algorithm [I| From now on, given any convex function ¢,
any vector £ € R? and any subgradient £ € d¢(x), we define

o ) = {{yeRd|¢(rc)+<£,y—w> <0} if€#0,
H(d)a T3 6) - d .
R if £=0.
Note that H(¢; x; &) is a half-space if £ # 0.

Some remarks about VR3PM are in order. First, by definition,
Cj, € Hy. Therefore, H, is an outer approximation of Cj,.
This explains why we call our method a random “relaxed”
projection method. Second, because of the relaxation in the
projection step, the per iteration cost of our method is lower
than that of [23]]. Indeed, if £€* # 0, the projection can be
computed in closed-form by Lemma [2}

& k (¢jk (wk) - ak<£k7 vk>)

=x"—apv’—
1€5(|2

Third, the vector v* is the so-called SVRG gradient estima-
tor [19]. It is used to reduce the variance of the algorithm
and thus improves the convergence speed. Fourth, the choice
of the distribution of the random index j; is flexible. As
long as all the constraints have a positive probability to
be chosen (see Assumption E]), our theoretical framework
applies. Finally, to reduce the variance of VR*PM due to
the random sampling of constraints, we could reformulate the
feasible region of problem by grouping its constraints.

Specifically, let b > 0 be an integer that divides m and

+€k.

g, (mk—akvk)

Algorithm 1 Variance Reduced Random Relaxed Projection
Method (VR3*PM)

Input: Initial point z¥ € Cy, integers b > 1 and r > 2, and a
positive sequence {ay }.

1: for [=0,1,2,--- do

2. Set &' ="

33 for s=1,---,r do

4: Set k = Ir + s — 1. Generate i.i.d. uniform indices

I, = {ik1, - ,ixp} C [n] and compute
1 - -
oF = . > (Vi(ah) = V&) + V@)
i€l
5: Generate a random index j, € [m], compute a

subgradient £* € 0¢;, (z*) and update the iterate
"t =T, (I, (¥ — awv®)),

where Hy, = H(¢;,; z¥; €F).
6: end for
7: end for

define m m/E. Then, we could re-write the feasible
region of problem as C = Co N (MNiem C;), where
Cp = {z € R | max;_,_1)p41,...05¢5(x) < 0} This
technique can be seen as the constraint analogue of the mini-
batch gradient estimator. In our experiments, despite the slightly
more complicated subgradient, the overall speed and accuracy
could be improved by a suitable grouping. We should point
out that the RPM in [20] is amenable to this technique as it is
subgradient-based. However, it might not be worth applying the
technique to the RPM in [23]], as doing so requires computing
the projection onto the grouped subset Cj.

III. ASSUMPTIONS

To analyze VR3PM, the following blanket assumptions on
problem (I)) are imposed.

Assumption 1. The following hold.

(i) The set Cy C R? is non-empty, closed and convex.
Moreover, for j € [m], the function ¢; is proper, closed,
and convex.

(ii) The optimal solution set X* is non-empty.

(iii) For i € [n], f; is differentiable and convex, and there
exist L;, R; > 0 such that for any x,y € C,

IVfi(x) = Vi)l < Lillz — yll + Ri.

Assumptions are standard in the literature of con-
strained convex optimization. Assumption is weaker than
the requirement on f; in [20], which assumes that each f; has
a Lipschitz continuous gradient. Indeed, it can be checked that
Assumption [[[iiD)] holds if for any i € [n], either the function f;
or its gradient V f; is Lipschitz continuous. Also, [23] requires
a similar inequality to hold on R¢, whereas Assumption is
assumed to hold on the subset Cj. An immediate consequence
of Assumption is that for any x,y € Cy,

IVf(®) = Vil <Lz -yl + R, 4)



where L = max;c[,) L; and R = max;c[,) ;.
The assumption below ensures that at each iteration, any
constraint will be picked with a positive probability.

Assumption 2. There exists a constant p € (0,1] such that
for any j € [m],

inf P(j, = j > 5.
inf (Jx = J|1Fr) = a.s.,

r
m
where Fi, = {jo, ) jk—1,901, "+ »ig—1)p, €'} for k > 1
and Fo = {x°}.
The next assumption concerns the geometry of the feasible
region.
Assumption 3. There exists k > 0 such that for any x € Cy,
dist(x,C) < kmax min dist(x, H(¢;; x; &€;)).
(z,C) max  oin (x, H(¢5; 2: &5)) . (5)
The proposition below asserts that Assumption [3|holds under
mild conditions. The proof can be found in Appendix [B] We

should emphasize that case ()] is not new, see [28] for example.
The novelty of the proposition lies in case

Proposition 1. Suppose that Assumption holds. Then,
Assumption [3| holds if
(i) Co =R? and ¢; is affine for all j € [m], or
(ii) the subgradients of ¢1,...,¢m have a uniform bound
over Co and CoN{x € R? | ¢;(x) <0, j € [m]} is
non-empty.

Example 3. Both optimization problems ) and (@) in

Examples [I] and [2] respectively, satisfy Assumption [3]

(i) Since problem (2 has only linear constraints, by Proposi-
tion it satisfies Assumption 3]

(i) Recall that in problem (B), d = ¢+ 1+ n and m = n.
Also, Cy = Cso x R, where Cso = {(’LL,)\) S R .
[lu|l2 < A} is the second-order cone, and for all j € [n],
¢;(x) = ¢(u, N, 8) = y;u'w; — X — s; is linear. Using
[29, Proposition 3 and Corollary 3(c)], there exists a
constant x; > 0 such that for any = (u ', \,s") € Cj,

dist(z, C') = dist(x, (Cso x R") N Clypy))

= diSt(iB, (Cso X Rn) N (Rerl X Ri) N C[m])

< k1 max{dist(z, (RTT x R?) N Crm))s (Jw]] = A) 4}

= ry dist(z, (R x R ) N Cly)),
where the last line follows from x € Cy. Since each ¢; is
linear, the Hoffman error bound [28|] and Lemma E] imply
the existence of a constant x5 > 0 such that

dist(z, (R x RY) N Clyyp)
< ko dist (z, H(¢;; x; &;)).

Combining the last two display shows that problem
satisfies Assumption

Variants of Assumption [3| are utilized to study RPMs. First,
[20] assumes the existence of x > 0 such that for any x € Cj,

dlSt(w’C) < KE[<¢]I€($))+‘]0) ajkrfhwo]' (6)

If there exists an upper bound M > 0 on the sub-differentials
J¢;(x) that is uniform in j and «, then condition (6)

implies Assumption [3] To see this, we consider the two cases
0 & 0¢;(x) and 0 € J¢,(x) separately. If 0 & 9¢;(x), by
Lemma

(@i () +

min
gjk €8¢jk (:E) ||£]k||
dist (z, H(¢;; x; §;))

(¢4 (w)) 1 < M

<M max min
je[m] §,;€00;(x)
If 0 € 0¢;, (x), x is a minimizer of ¢;, . The non-emptiness
of C;, implies that ¢;, () < 0 and hence that (¢,, (x))4 = 0.
Thus, in both cases, condition (6) implies Assumption [3]

In fact, Assumption [3] is strictly weaker than (6). Consider
¢;(x) = x " B;x for positive definite matrices B;. Then, C' =
{0}. If = 0, Assumption 3| holds trivially. If « # 0, by
Lemma [2} for any j € [m],

o o (@@,
g]enggjl(m) dlSt (IL’, H(¢J7 Z; 57)) - ||V¢](:c H
.’BTBjZC Amin(Bj)Hm‘P o Amin(Bj)

= > = dist(x, C),
2[[Bjz|| ~ 2Amax(Bj)llzll  2Amax(B;)

where A\pax(+) and Apin(+) denote the maximum and minimum

eigenvalues, respectively. This inequality shows that Assump-

tion [3| holds with £ = 2max ;e Amax(B;)/Amin(B;). Also,

maxem] (@5 (x))+
B4l

E[(¢), (®))+]jo, -, jk—1,%°]
dist(x, C) -

T
= max =% < |lz]| max Amax(B;),

im) | j€bm]
where the upper bound vanishes as * — 0, showing that
condition () fails to hold.

Assumption 3] should also be compared to the classical notion
of bounded linear regularity [30]:

dist(z,C) < k rrelz[ax] dist(x, C}),
J m
which has been used for analyzing RPMs in [23], [31]. Since
C; C H(¢j; ; &), one readily sees that Assumption [3] is
stronger than the bounded linear regularity. That a stronger
assumption is required by our algorithm is expected as it relies
on a weaker projection.

Finally, we remark that Assumption [3] can also be seen as a
generalization of the seminal Hoffman error bound [28]], which
asserts that the distance of any point to a linear system is
linearly bounded by its violation of the linear constraints. In
fact, under case [(1)] of Proposition [I] inequality (3) reduces
to the Hoffman error bound. Error bound conditions are
important subjects in optimization and frequently utilized to
study optimization algorithms. For example, as discussed above,
conditions similar to (but different from) (3) are employed to
study RPMs in [20] and [23]]. Going beyond RPMs, error
bound conditions also appeared in the study of first-order
methods [32], [33]], second-order methods [2], [34], [35]], and
even manifold optimization algorithms [36], [37].

IV. CONVERGENCE ANALYSIS

We now provide a detailed analysis of the convergence be-
haviour of VR®PM. The proofs can be found in Appendices
The first one shows that VR®PM converges to an optimal



solution of problem (I) almost surely under Assumptions [TH3]
and a suitable choice for the step-size ay.

Theorem 1. Suppose that Assumptions[IH3| hold. Let {m} be a
positive sequence satisfying >, jiy = o0 and Y o, i < oo.
Consider Algorithm [I| with ay, = py for k = lr + s — 1 with
1 >0 and s € [r]. Then, the iterates {x*} converges almost
surely to a point in X*.

Our second main theoretical result characterizes the conver-
gence rates of the optimality and feasibility gaps of VR®PM.

Theorem 2. Suppose that Assumptions hold and that Cy
is compact. Consider Algorithm |I| with oy, = \/% where
& € (0, 7575z Then, for any

> 1, we have that
C)] <0 (59)

<o (g)

E [dist*(z,
and E [f(2") —

_KZkOQ3

With a constant, more conservative step-size, we can improve
the bound on the feasibility gap by a factor of log K.

where &K

Theorem 3. Suppose that Assumptions hold and that Cy is

compact. Consider Algorithm |l|with a = o = \/I?T’ where
a € (0, g7%—]|. Then, for any K > 1, we have that
E [dist*(z%,C)] <0 (L)
and E [f(z%) - f*] <0 (%ﬁ) :
where TX = sz o x”
The rate 0(7) for the optimality gap in Theorems 2 and

matches the best rate of other RPMs in the literature under
the similar assumption setting [22[]—[25]. As mentioned in
the introduction, several works [[17]-[19] have successfully
accelerated the convergence rate of SGMs via various variance
reduction techniques. These works all require that Vf is
Lipschitz continuous. By making the same assumption, we
can also obtain an improved rate for our RPM.

Theorem 4. Suppose that Assumptions hold with R; =0
for all i € [n), that C' is compact and that Cy = R%. Consider
Algorithm |I| with oy, = W where & € (0
Then, for any K > 1, we have that

E [dist*(@",C)] < O (25)
and B [f(@") - f*] <O (335) »
=K Zk 0 a*

The rate O (75 273 ) for the optimality gap is faster than previous
RPMs under comparable assumptions and is achieved by a new
analysis framework. We should point out that the rate O( c)
for the feasibility gap is slower than those in Theorems [2] and [3]

The last result relies on the following assumption, which is
called the quadratic growth condition and strictly weaker than
strong convexity.

___p
? 40y/TLmk?2 ]

where TX

Assumption 4. There exists a constant v > 0 such that f(x)—
> %distz(m,X*) for any x € C.

Example 4. The feasible region of the constrained least squares
problem (2) is a polytope C' = {x : Bx < b} and its objective
function f(x) = ||[Ax — a||? is convex and quadratic over the
polytope C. By [38 Proposition 8] or [39, Theorem 8], f
satisfies the quadratic growth condition over C. However, if
¢ < d, then f is not strongly convex.

Stronger rates can be obtained under the quadratic growth
condition.

Theorem 5. Suppose that Assumptions [[H4] hold. Consider
Algorithm |I| with oy = u(l+1) fork=1Ilr+s—1withl >0
and s € [r]. Then, for any K > 1, we have that

E [dist*(25,0)] < O ()
and E[f (&%) - f*] <O (%) ;

where TK = 7}{(}{4—?}(1{4—2) Eke[K] k(k+1)xk

A similar result has been proved for the RPM in [25]]. However,
the bounds in [25] hold only if K is sufficiently large, whereas
ours hold for any K > 1. Moreover, [25] requires the quadratic
growth condition to hold on the larger set Cy but not only C.

V. NUMERICAL EXPERIMENTS

We then study the empirical performance of VR*PM through
numerical experiments. All the experiments are performed using
MATLAB on a PC with Intel Core i5-1135G7 CPU (2.40 GHz).
Because of its high accuracy, the optimal solution and optimal
value computed by using YALMIP are taken as the “true”
optimal solution x*.

A. Importance of Variance Reduction

In this experiment, we highlight the importance of variance
reduction to our algorithm VR®PM by empirically showing
that the SVRG gradient estimator does substantially improve
the practical convergence behaviour upon the vanilla gradient
estimators. Specifically, we consider the following quadratically
constrained quadratic programming problem (QCQP):

1
- z'Al Azt ala

min
s.t. mTBjTBja: + bij <wj;, j€[m],
x € Cy.
Here, Cy = [—10, 10]%. The pairs {(A;, a;)}ie[n are generated

as follows. For each i € [n], we first generate a random matrix
A; € RP+D*d with iid. standard Gaussian entries. Then,
the matrix A; € RP*4 and the vector a; € R? are defined as
sub-matrices of the normalized matrix A;/||4;|l» = (A a;)T,
where || - ||2 denotes the operator norm, i.e., the largest singular
value. The pairs {(Bj,b;)};e[m) are generated in the same
manner. The constants wy, ..., w,, are i.i.d. uniform random
variables on [0,0.5]. We compare VR3PM with three variants
of random relaxed projection methods (R?PMs) obtained by
replacing the SVRG gradient estimator v* in Algorithm E] with
the standard gradient estimator using a single summand, the
mini-batch gradient estimator using b summands and the full
gradient using all n summands. These three R2PMs are denoted,
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Fig. 1: Comparison of VR3PM and other RPMs using vanilla
gradient estimators on problem (7).

respectively, as R2PM-1, R?PM-b and R?PM-n. The step-sizes
for all algorithms are chosen to scale as a = O(k~%°!) with
optimally tuned constants. The constraint grouping technique
is applied to all tested algorithms. Specifically, we group the
constraints into 7m = m/10 groups of b = 10 constraints.

The results on problem with  parameters
(n,m,d,p,q) = (3000, 3000, 200, 200,200)  and
(n,m,d,p,q) = (6000,6000,200,200,200) are shown

in Figure [T} where the left and right panels show the optimality
gap and constraint violation against the CPU time (in second),
respectively. We can see from Figure [I] that in terms of
objective value, our algorithm VR3PM is faster and reaches
a higher accuracy than the other three R?PMs. As for the
constraint violation, our algorithm VR3PM performs on par
with R2PM-1 and R?PM-b and outperforms the full gradient
variant R2PM-n.

B. Comparison with the RPMs in [25|]] and [23|]

Our second experiment aims at comparing the performance
of VR?PM with the existing RPMs in [25] by Necoara and
Singh and in [23]] by Wang and Bertsekas, denoted as RPM-NS,
and RPM-WB, respectively. RPM-WB is not amenable to the
constraint grouping technique. So, we apply the technique only
to our algorithm and RPM-NS. The constraint group size and
step-sizes are chosen similarly as in Section [V-A]

The results on problem with the same setting and
parameters as in Section are shown in Figure [2] where the
left and right panels show the optimality gap and constraint
violation against the CPU time (in second), respectively. From
Figure [2| we can see that our algorithm VR®PM performs
substantially better than the competing algorithms RPM-NS
and RPM-WB in terms of objective value. As for constraint
violation, our algorithm and RPM-NS perform on par, but both
better than RPM-WB.
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Fig. 2: Comparison of VR3PM and the RPMs in [25] and [23]
on problem (7).

C. Applications to Downlink Beamforming

Our next experiment concerns the downlink beamforming
problem in wireless communication [40]-[42]. Specifically, we
consider a single base station equipped d antennas, transmitting
data stream to n users. For each user i € [n], the signal received
is given by

yi = h’

E Vj.’])j +w,>,

j€ln]
where ()" denotes the Hermitian transpose, and h; € C?
models the downlink channel, w; € C is the error, v; is the
information signal and x; € C¢ represents the beamformer
for user i. The quality of the signal received at user ¢ can be
measured by the signal-to-interference-plus-noise ratio (SINR):

|hflai|®
H b
Zj;ﬁi |hi'z;|? + o2
where o2 is the variance of the error w;. One formulation of the

beamforming problem is to minimize the transmission power
subject to SINR constraints [41]:
min

n
12
- ; Il 8)

S.t. SINR; > Yi, 1€ [n],
where v1,...,7, > 0 are the desired SINRs. Problem (8)
is non-convex since the SINR constraints are non-convex.

However, it is shown in [42] that problem (§) is equivalent to
a convex, second-order cone program over real numbers:

SINR,; =

_min
L1y..,Lp

S.t. ib;rifiz = \/71 Zj;éi(il;rij)2 +"yiO'2, i€ [n},
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Fig. 3: Comparison of VR®*PM and the RPMs in and
on problem (9).

where h; € R2 and @&; € R2? are real vectors obtained by
stacking the real and imaginary parts of h; and x;, respectively,
for i € [n]. Using a similar argument as in Example one
could also show that problem (9) satisfies Assumption [3]

In this experiment, we set 0 = 1 and the SINR threshold
for all users to be —13 dB (i.e., 7; ~ 0.0501). The vectors
le, R ﬁn are i.i.d. 2d-dimensional standard Gaussian random
distribution with zero mean and identity covariance.

The results on problem (9) with parameters (n,d) =
(200, 25) and (n, d) = (600,20) are shown in Figure 3| where
we can see that VR®PM performs better than RPM-NS and
RPM-WB in terms of both optimality and feasibility gaps.

D. Applications to Robust Classification

Finally, we compare our algorithm against the RPM-NS and
RPM-WB on the distributionally robust classification problem
in Example IZI In this experiment, we use real data-setsﬂ a6a
with (n, £) = (11220, 122) and a7a with (n, £) = (16100, 122).
In both data-sets, the sample size n is very large. This makes
problem (B) extremely computationally challenging as the
number of decision variables, the number of summands in
the objective and the number of constraints all increase linearly
in n. We compare our algorithm VR3PM against RPM-NS
and RPM-WB with all the algorithmic parameters similarly
chosen.

The results are presented in Figure [d] where we can see
that VR®PM performs better than the two competing RPMs in
terms of both the optimality gap and constraint violation.

APPENDIX
A. Lemmas

The following are standard results on projections, see
for example Lemma 2] and Theorem 5.4 and
Lemma 6.26].
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Lemma 1. Let D C R¢ be a non-empty, closed and convex
set. The following hold.

(i) For any x, y € R4,
[TIp(x) — Hp(y)l| < [l —yl;
(ii) For any = € R and y € D,
ITp () - ylI* < [le —y|* - [lz — Tp(2)|*.

Lemma 2. Let c € R, ¢ € R\ {0} and H = {z | {Tx < ¢}.
Then

o (CTu—o)y
(W) =w =" ¢

The following lemma are useful to our development, see [20]),
for example.

Lemma 3. Let {a*}, {u*}, {t*} and {d*} be sequences of
non-negative random variables satisfying

E[ak+1|a0,"' aakvuov"' 7ukat0a"' 7tk7d0,"' adk]
<1+ tk)ak —uF 4+ dF for all k>0 a.s.

Suppose that

oo oo
Ztk < oo and de < 00 a.s.
k=0 k=0

Then,

k

oo
E uF < o0 as., and limd* =a a.s.,
P k—0

for some non-negative random variable a.

The following lemma bounds the distance of an iterate to
the feasible region in terms of its distance to the corresponding
half-space at that iteration.


https://www.csie.ntu.edu.tw/~cjlin/libsvmtools/datasets/

Lemma 4. Suppose that Assumptions 2H3| hold. Then, Algo-
rithm [1] satisfies that for any k > 0,
Ja* — T (a” "E [||lz"* - Ty, (x

)? < me?p™ IIPIF] as.

Proof. We have that for any j € [m],

E [||lz* — T, (x")]*| F]

= 3 Pl = 71F) | — Tl aese ) (@)
J'€lm]
14 2

> @t — T (,00: 60 ()]
14 : k

> = dist S H (i %5 &5)),

= e, Gg};%l]r%mk) 18 (:13 (¢7 57))

where the inequality follows from Assumption [2] Therefore,
using Assumption [3] we obtain

1]
dist? (",

E [||:13”C —IIp, (x*
> 2 max  min
m je[m] &;€0¢;(x*)

" - Te("))?,

which completes the proof. O

H(e;; o*; &)

The next lemma should be compared with [23, Assump-
tion 1(c)] and, to some extent, illustrates why the SVRG
gradient estimator cannot be directly used in the algorithmic
framework of [23]].

Lemma 5. Suppose that Assumption [I] holds. Consider Algo-
rithm I} Then, for any ** € X* and k = lr + s — 1, where
1 >0, s €[r], we have

E[|[v*]* | Fi]
<8L?||z* — x*||® + 16 L2 ||&" — =*||* + 12R? + 4|V f(z*

Proof. We have

E [|lv*]* | 7]
2
~E Uﬁ >_(Vfi(ah) = V(@) + V(@) fk]
i€l
2
<2F HiZ(Vfi(w’“)—vmd:l)) fkl
i€l

+2E |V (@) | Fi]

<AL?|la® — &'|* + 4R? + 4|V f(2') - V(")
+4[Vf())?
<BL?||a* — a*|* + 16L2|1& — a* || + 12R? + 4|V f(a*)|?,

where the equality follows from the definition of v*, the second
inequality follows from Assumption xF € Oy and &' €
Cy, and the last inequality follows from inequality (@). This
completes the proof. O

The following technical lemma is also used in the proof of
our main results.

Lemma 6. Suppose that Assumption [I] holds. Consider Al-
gorithm [I} Then, for any * € X*, k > 0 and X > 0, we
have
20, [('v xb — x*) | Fr]
— (2oL + X)H:E — T (z®
—ap LA 2" — *||? + 20, (f(Hc(z
Proof. First, for any k > 0,
204K [(v*, ¥ — z*) | F]
=20;,(Vf(2"), 2" —a*) > 205.(f (") — f(z"))
=20, (f(2*) - GIC(xk))+'fGIC( ") - 1)
> 200,(V [ (I (a")), 2" — I ("))
+2a (f (Me(a*)) = f7),
where the first equality follows from the definitions of v*,
the random index subset I and the collection Fj, the first

inequality from the convexity of f, and the second inequality
from the convexity of f. Also, we have

)? = oA (2R + |V f(z*)]|?)
M) = 1)

(10)

20 (V f (o (")), = — T (a*))

> — 203 ||V f (o (a")) = V(") 2" — o ()|
— 20|V f ()| [|2" — T (2")

> — 20, (L] @* — To(x")|| + R)|ja" — e ()|

(1)
= 204 |V (") [l2* — Tlc (")

> —20p.Ll|z" — Te(2")[* — 20, R[| 2" — e ()]
— 205 ||V f(2") = Vf (") ||| 2" — e (2"
=205V f (&)l " — e (2")],
where the first inequality follows from the Cauchy-Schwarz

inequality, the second from inequality @), =¥ € Cj and
e (x*) € C C Cy, and the third from the triangle inequality.

)I>. We then bound the second, third and fourth terms on the

last line of (T1). We will use multiple times the fact that
2laras| < Aaf + fd3 for all aj,as € R and A > 0. The
second term can be bounded as

— 20, R|z" — HC( Ml

(12)
> —afR*A - IIS'3 — o (z)*.
The third term can be bounded as
— 20|V f(2*) = V f ()| * — e ()|
> — 2ay(L||a" — z*|| + R)||z"* — T (a")]|
1
> — o LPA|a* — 2| — <z — e (ab)|
i LA (13)
— 2o Rl|z" — Tl (2")|,
QA2 L2N|x* — x*||* — af R*\

I,
where the first inequality follows from inequality (@) and the
last from (I2). And the fourth term can be bounded as

— 204V (") 2" — T ()]
1
> — AV (@) - 5 lla* - T

2
~ Sl - To(a

(14)
ol



Substituting inequalities (I1), (I2), (I3) and (T4) into (TO)

yields the desired result. O

The next lemma establishes a recursion for the distance to
optimality |x* — x*|.

Lemma 7. Suppose that Assumptions [IH3| hold. Consider
Algorithm[I} Then, for any A > 0, ** € X* and k = lr+s—1,
where | > 0, s € [r], we have

E |2+ — 2*||* | F]
< (14 ai(24L% + L2N))||=* — 2*|?
+a? (2AR? + (A + 12)|V f(2*)||? + 36 R?)
— (58= — 20 L — §)|Ja* — To(2h)|?
— 200 (f (Mo () — f*) +48L%a7 | 2" — =*|°.
Proof. Since x* € X* C C, we have * € (Cy and =* €
Cj, C Hy. Let 2* = % — ajv". It follows that
&+t — 2 |? < [Ty, (&F — go®) — 22
<lz* — g — @ ||* — [T, (27) — 2"|?
=[lz" — &*||* + af[lv*|?
— Mg, (2%) = 2|7 = 205, (0%, 2% — 2*),
where the first inequality follows from Lemma and the
fact that * € Cy, and the second from the definition of z*,

Lemma [Ij(11)| and the fact that «* € Hj. Taking conditional
expectation on the last inequality and using Lemmas [5] and [6}

E [llz*! —a*||* | Fi]

< ||:1:k - :c*H2 — 2aE [(vk,sck —x*) | ]—"k]
+E [af[[v"]|* — |, (%) — 2°]1% | Fi]

<(1+ap (8L 4+ L2N))||2" — =*|?
+ (2oL + 3)l|l* — T (")
+ R (2AR? + (A +4) |V f(z*)|* + 12R?)
+16L%az|2" — 2" — 205 (f (e (")) — f7)
— E [T, (%) — 2"|* | Fi] -

We then bound the term E[||Tlg, (2F) — 2¥||? | F%] in last

line of (T3). First, from the triangle inequality and Lemma [[{D}
we have that

Lz, (") — ||
<|l2* =& + [T, (%) = 2% + Mg, (&%) — M, (27)]]
<|l2* = g, (2°)] + 2l|2* — 2|
< 2" = M, (27 + 20 [0
which together with Lemma [3] yields that
E [|[ M, (%) — 2F||* | Fi]
<2E [||2% — g, (2")|1% | Fi] + 4af E[[[o"||* | Fi]
<2E [||zk — T, (2)]? | fk} + 320202 ||k — z*|?
+64L%a |3 — x*||? + af (48R* + 16|V £ (z*)]|?).
Rearranging the above inequality gives
—E [||z" — T, (2")I* | Fi]
<16L%aj|z" — z*||* — %E [, (%) — 2| | Fi] (16)
+ 320203 |3 — =*|)® + ai (24R* + 8|V f(x*)|?).

15)

Plugging (T6) into (I3) and using Lemma [ we obtain

E [”wk—i-l _ w*HQ | J—_-k]
< (14 ap(24L* 4+ L?N)) ||lz* — *|?
+a2 (AR + (A + 12)|V £(z*)|| + 36R?)
— (g7 — 20, L — 3)[|lz" — T (2")||?

2mk2

— 203, (f (e (2h)) — %) +48L%a3 | &' — 2>
This completes the proof. O

The following lemmas are used in the proof of Theorem [

Lemma 8. Suppose that the conditions of Theorem 4| hold. Let
B=1-— ﬁ. Then, for any k > 0, we have

Effj"* — e (")) < BE[la" — e (*)[?] + O(ag).
Proof. Let z¥ = 2% — av* and 7 = (1 — 3)~1. We have

H"Bk+1 _ Hc($k+1)||2
<[lz"* —Tle(ah)|® — e (z®) - He ("))
< g (2°) = e (®)|” — [|Te (") — Mo (@)
<|l2" = He(eh)|? - [Ma, () — 2"
<1+ D2’ —Te@@®)|? + (1 +7)ai]lo")?
— M, (2%) = 2°|1%,
where the first inequality follows from Lemma [If(11)] the second
from that =¥+, TIo(z*) € Cp, the third from Lemma |1}ii), and
the fourth from the inequality (a+b)? < (1+2)a®+ (1+7)b%
We then bound E[||[v*||? | F%]. Using the definition of v*,
inequality (@), Lemma and the boundedness of C, we get
E[[|[v*[|* | Fi]
<207z — &' |* + 2E[|V f(@")|1* | Fi)
<ALz —Te(2")|? + 4% Mo (2") — 2|12
+4|VF@') = VIo@))|* + 4]V F (e (@)
<4L%|&® —Te(2b)|? + 1222 He (') — &'|° + O(1).
(18)

a7

We next bound —E[|| 2% —TIy, (2%)||? | Fx]. Using Lemma

ML, (&) — 2"

< Mg, (&%) = M (29)] + [T (2°) = 2 + |2 = 2"

< 2" = g, (29)] + 2l|2* — 2|

= |l2" — T, (2*)|| + 2c[v"].

Taking conditional expectation and using inequality (T8),
E[| M, (") — 2*||* | Fi)

<2E[|2" — I, (2")I” | Fu] +16°ag L |lz* — T (")

+48ai L* ||l (2') — &2 + O(a}).

Rearranging the above inequality and using Lemma [] yields
— E[ll2* — T, ()| | Fi)

< (=525 +8L%3) ||=" — I ()2

T 2mk2

+ 240202 | (2!) — &' + O(a?).

19)



Using (I7), (I8) and (T9) and the definitions of 7 and ay,

— e (@ I | Fi)

)|? +O(ai)
~l||2'

E[ka+1

<(1- pL)|le* — (a2
+ 12L2%03 (3 + 7)|[He (2 —

(20)

Using the tower property of conditional expectation [43]
Theorem 2.3.2(iii)], @) and the boundedness of «y,, we have
e (@) | Firl
)& e (@) + O(af,)
(3 +7)[He(@') - 2|2
—Ie(@)|* +0(1)
OII* +0(),

[Ilwl+1

< (]‘ 4mn2

+12r L2«

<(1- gkl @
< BHY|2° ~ He(z
where the last inequality follows from inductively using the

second last one. Therefore, the sequence {E[||Z' — I (2!)||? |
Fir]}1 is bounded. By (20), we get the desired inequality. [

Lemma 9. Suppose that the conditions of Theorem | hold.
Then, {E[||z* — z*|]|}+ and {E[||z*|]}x are bounded se-
quences.

Proof. For any * € X*, applying Lemma [§]inductively yields
El| z*||’]

<2E[||z* ! — e (a")|1%) + 2E[||Te (") —

<282 — Tl (2

k+1
%
)Z+O0(1) + 2E[|[To(z"+1) — 2*||).

Since C' is bounded, the sequences {E[||z* — =*||?]} and
{E[||=*|?]} are bounded. The proof is completed. O

Lemma 10. Suppose that the conditions of Theorem [4| hold.
Then, for k € {lr,lr +1,--- ,lr +r — 1}, we have

t=k
E[flz" ! — &%) < O(af) + 2r Y E[|l2" - Ho(a")]?)-
t=Ilr
Proof. We first prove that
Efllz"" — 2" < O(a}) + 2E[]z* — Hc(z")[?). @D
Since Cy = R¢,
(@)= (€5 0"
SR z* — apvF (65, (= )Hgklﬁi& v >)+£k if €8 £ 0,
xF — apo” if &8 = 0.
If £% = 0, it follows from (T8) and Lemma [9] that
Efz"*! — 2*|”] = o} E[|v"|’] < O(a}),
which implies @1)). If £€* # 0, then
) Y — g (£F 0" ‘
||:Ek+1 _ (L'k” _ ”akvk n (5 ( )”‘Ekl‘»liﬁ v >)+£kH
i (xF [e] v
SakH'vk” + (5, (7)) + + (o (€ 0")) 4

5]
< 20 [[0F[| + [|&* — TLp, ()]

< 200" || + [l=* — Tl (")),

where the second inequality follows from Lemma [2] and the
last from I (zF) € C C Hk By (I8) and Lemma [9] (1)
follows. For k € {lr,lr +1,--- ,Ir +r — 1}, 1) implies

k41l _ gl

t=k
IP1<r) Eflz"" -

t=lr

a||?]

Effj=

t=k

<O(a}) +2r Z E[||lz" — Oe(xh)|?).

t=lr

The proof is completed. O

B. Proof of Proposition []|

The proof of case |(1)| can be founded in [28]]. We therefore
prove only case If © € C, then () trivially holds. We thus
assume that ¢ ¢ C. Let I(x) be the set defined by

I(x) = {j € [m] | ¢;(x) > 0}.

Since & € Cy, we have that & ¢ Njc[,C; and hence the
index set I(x) is non-empty. By [44, Theorem 9], there exists
a constant y > 0 such that

(22)

dist(x, C) < vy (x), (23)
where j' € arg max;c(,, ¢;() and v does not depend on x.
Clearly, j' € I(x) and hence ¢ (x) = max;c(a) ¢;(x). By
supposition, there exists a constant 1 > 0 such that for any
j€[m], x € Cyand §; € 0¢p;(x), we have ||€;|| < 7. Fix an
arbitrary £, € 0 (x). If £y #0,

¢ (@) < = (& n(p, 526,00 (®) — )
<ndist(z, H(¢;; x; &),

where the first inequality follows from the definition
of H(¢;; x; &) and the fact that HH(¢j/;m;£j/))(1’) €
H(¢j; ; &), and the second inequality follows from the
Cauchy-Schwarz inequality and the uniform bound of the
subdifferential ¢;(x). If £&4 = 0, by convexity, = is a
minimizer of ¢; and

¢y (@) = min ¢;(y) <0,
yeRd
where the inequality follows from the non-emptiness of {y €
RY | ¢;(y) <0, j € [m]}. However, by the definition of j’,
¢ () > 0. Hence, it is impossible to have £ 7 =0. Therefore,
wmin  dist(e, H(6y; ; £),

A <
¢J( )_nsj/e&bj,(m)

which, together with (23), implies that

dist(x, C)
< min dist(x, H(¢r; ; &5
_Wnsj/ea%/(m) (@, H(¢; &)
<vypmax min dist(z, H(¢;; x; §;)).

j€lm] €;€04;(=)

Noting that both constants v and 7 are independent of x, this
completes the proof.



C. Proof of Theorem |

We first prove that the sub-sequence {&'} converges. Since

w — 0 as | — oo, there exists [y > 0 such that 2y L < 87%2
for any [ > ly. Take A = 32m~k2p~!. Then, for any for any
L > o,

p>o

4
ol — = >
HE= N = am

Fix any optimal solution «* € X*. It follows from Lemma
and the definition of «y that for all [ > [,

E [l — 2|2 | ]
<(1+0(a}) lla* — &[> + O(a}) + O(@})|& - 2* |
e — e (@) 2 - 2 (F (e (")) - £) 24)
2| + O(R)[& — > + O(u).

2mk?

 4mr2
<14 0(u})) ||l

Using the tower property of conditional expectation [43]
Theorem 2.3.2(iii)] and inequality (24),

E [”xlrJrr _ :IC*HQ | JTlT]
—E |:E [||$lr+r—1+1 _ w*H2 | ‘ET+T—1] )ﬂr}

<(1+ O(P)E [l +7! = 2*|12| 7, |

+ 043 — 2" + O(uf)

: (25)
< (1+0(u)) Bl — |2 | ]

r—2
+(Ow)E — ) Y (1+0(u}))
s=0

T—

l\')

+0(ui) )_(1+0ui))*.
s=0
Similarly, we get
E [l —a*|? | 7]

*||27

—Tc@))* ©6)

<(1+0G) 3 - 2P - L)
+ O?) = 2m(f (e (@) - 1)

Since p; < 1 for sufficiently large I, (14+O(
for any [ and s € [r]. We thus have

[||a:(l+1)

17)® < 1+0(uf)

2| | Fir

<1+ OE))E [t - 2*|* | Fi]
r—1
+(OWd)|E — 2>+ 0(u}) Y _(1+0u7)* @7
s=0
- L5l — o @) — 2 (f (e (@) - )
<1 +0(ud) & - 2| + Ouf)

o @ - e

where the first inequality follows by substituting (26)) into (23).
Note that now the constants hidden in the big-O notation could
possibly depend on r, but they are independent of p; or [.

Applying Lemma [3] to the recursion ([27), we have that the
sequence {||Z' — z*||?} converges almost surely, that

Y mlf(Mo@) - f] <o as., (28)
1=0
and that -
Z |&' —To(@)|? < oo a.s. (29)
1=0
By inequality (28) and the fact that Y ;= = oo
Jim inf f@Ia(EY) = f* a.s. (30)
—00
Also, inequality (29) implies that
lim |TIo(2) — &' =0 a.s. (31)
=00

Since the sequence {||&! — x*||} converges almost surely, the
sequence {&'} is bounded and has an accumulation point &*
almost surely. Therefore, there exists a sub-sequence {Z't}
such that &'+ — &* as t — oco. By relation (3T)) and continuity
of T (+), the sequence I (&!t) converges almost surely to
IIo(z*) = &* € C. It follows from (30) and the continuity
of f that f(£*) = f*. Hence, £* € X*. Since ||z’ — =*||
converges almost surely for every * € X*, we have that
|&" — &*|| converges almost surely. Since [|&" — &*|| — 0 as
t — oo almost surely, we have that ||&' — &*|| — 0 as | — oo
almost surely. Thus, almost surely, we have lim;_ @l = g+,
To prove the convergence in {x*}, by the boundedness of the
sequence {||Z' — &*|?} and Lemma

E [||** — &%) | Fi)
<(1+ O(Qi))llmk — "> + O(a})
= Ime 2|| ot —To(z")|]” — 20k (f(He(x*)) — f4),

which, together with Lemma and the fact that >_~ , ai < oo,
implies that the sequence {||z*—Z*||?} converges almost surely.
Since the sub-sequence {||&' — *||?} converges almost surely
to 0, we have that {||z* — &*||?} converges almost surely to 0
as well, which shows that limj,_, ., ¥ = &*. This completes
the proof.

D. Proof of Theorem 2]

We first prove the convergence rate of the feasibility gap.
Fix an arbitrary optimal solution * € X*. By using Lemma [7]
with A = 16mk2p~! and the definition of oy, we have that
for all k& > 0,

4 p
ol — 2> _FP
O AT 8mk?2’

2mk?

and hence that
E “|mk+1 . m*”2 | fk]
<(1+0(a}))|z* —a*|* + O(aj) |2 —
1)
+0(0}) - 2 o — To(@h)

— 20, (f (e (")) — f*)
<(1+0(}))llz* — a*|* + O(a

*HQ

(32)

Dz’ —z*|* + 0(a).



Since Cj is compact, the sequences {||z* —z*||?}; and {| &' —
x* |}, are bounded. By inequality (32), for any k > 0,

p
LR (|2~ Tlo(ab) ]
<E [|lz" — 2*|*] + O(ag)

) [E “|mk+l o w*HQ | fk”

=E [[lz* - 2*|*] - E [[l="*" -

(33)
z*|*] + O(a3).

Summing the last inequality over k, we get

8m/<;2

K-1
Y Eflle* —eo(e")]?]
k=0

i

o[ —E =" —2*|*] + 0(1) ) of

E
I
o

1) log(K).

w\»—‘

s o

By the convexity of dist?(-,C'), it follows that

lKl

E;Ellw — o(z")|)?]
log(K)
o( i )

Next, we prove the convergence rate of the optimality gap. By
the definition of v*, we have

E [dist*(z",

IA

E[(* 2" —a*) | Fi] > f(a") - f*,
which, together with that * € Hy, Cp and Lemma [3] implies

E[|lz"*! —a*|* | Fi] <E[|a* — apo® —a*|? | Fi]
=E [||z — z*|* + ai|[v"||* — 20 (z" — =*,vF) | Fi]
<(1+ 8L2ai)||:ck — .715'*||2 + 16L2ai||9~cl - :c*||2

= 2ay, (f(&*) — f*) + 4[|V f(z")|?a} + 12R?a}
< &b —@*|* — 20y (f(2*) = f*) + O(1)ef,

where the last inequality follows from the boundedness of Cj
and the fact that &', =¥, x* € (. Taking expectation on both
sides, we obtain

E[f(z") - f*]

1 *
<5 (E[la* — 2] ~E[J=* -

z*[|*]) + O(ow).

Summing of the last inequality over k, we get

K-—1
E [f(z") - f*]
k=0
< LE [ "] - YEB [JoX - o]
% 3 (\/m—\/E)E[Hmk—m*H?] (34)
ke[K—1]
10 Lk
ke[K]
<o) +0(1) Y (\/k:-i— —f>+0 Z\[
ke[K—1] ke[K]
<O1)+0WK -1)+0WK)=0WK),

where the second inequality follows from the boundedness of
Cy, and the last from the fact that

I

ke[K]

K+1 dt

2VE +1-1).

By the convexity of f and (34), we have

=

| K-
)]SE

E[f (2 E[f(@*)] < f* + O (

x)

b
Il

0

This completes the proof.

E. Proof of Theorem 3|
Similarly to (33), we get for any k > 0,

p k kY2
LB [l — To(@h)|)]
<E [Hmk — m*||2] +O(K™)
) [E “|$k+1 . w*HQ | J—_-k”
=E [||lz* — z*|?] — E [lz**! — =*||?] + O(K ).
Summing the above inequality over k, we have
K-1
k ky(2
Y E[llet - o))
k=0
K—
< 0 _ x12 _ E K _* -
<ja® - 2*|* ~ E [l - 2*|"] gK

By the convexity of dist?(-,C), it follows that

E [dist*(z", C)]

1= 1
<3 > E[lef ~o@h)?) <0 ().
k=0
Next, we prove the convergence rate of the optimality gap. By
the definition of v*, we have
E [(vk,mk —x*) | Fi] = (Vf(xh), " — x*)
>f(&") - f(z*) = f(a") — 7,



which, together with that * € Hy, Cp and Lemma [5] implies
E [[l*! —a*|* | F] SE[[lz" - av® —a*|* | Fi]
=E [[|z* — z*|> + o?||v"|? — 2a(z" — z*,v") | Fi]
< (14 8L%?)||x" — x*||? + 16L%?|| 2! — =*||?
—2a (f(z¥) — £*) + 4|V (z*)|?e® + 12R%*?
1
oI 20 (1" - 1) + 0 ().

where the last inequality follows from the boundedness of C
and the fact that &', ", x* € Cj and o = O(1/VK). Taking
expectation on both sides, we obtain

E [f(z") - f*]
< % (E [Hwk _ x*HQ] _F [Hwk+1 _ x*HQ]) + o) (

Summing of the last inequality over k, we get

<|jz* —

)

m*”Q] _F [||$k+1 _ 33*”2])

OWK +1+0(1)VK = O(VK),

which, together with the convexity of f, yields

K-
- <= Z

This completes the proof.

Elf(&" —fl<o ( j?) -

F. Proof of Theorem
To prove the feasibility gap, by Lemma [8] we get

E[dist?(z*, )] = M%)
"I? -E — e (@)% + O(af).

Summing this inequality over k, we get

P k
- E[||l” — o (x

[l

8mk?
< E[||z® — T (x

=S Ellet — e (@)
k=0 . 35)
<O(F)+0G) Y. 7 <0 ()

The desired bound on feasibility gap then follows from the
convexity of dist?(-, C'). For the optimality gap, since R = 0,
inequality (@) implies

f(karl) < f(.’l)k) + <Vf(£ck),.’13k+1 o :Bk>
+ %Hmk-‘rl _ il)k||2.
Let * € X*. By the convexity of f, we get
—fl&") < ~(f(") +(Vf("),z" —a")).

Adding the last two inequalities and taking conditional expec-
tation on the resulting inequality, we get

E[f(@"*1) — f(x*) | Fi]

<E[(v",a"! —a*) + L2t —2F|? | Ry
+E[<Vf(:ck) —oF gt g | Fi)]

=E[(v", "t —x*) + %Hwk"’l —z")|? | Fi (36)
+E[(Vf(2") —oF 2" —a¥) | R

<E[(F. 2t~ 2%) + Lt - ab|? | A
FERLIM — ab? + 2|V F() - of? | il

where the equality follows from E[(V f(z*) — v*, z¥ — x*) |

Fi] = 0. By the definition of v*, we have

B[V f(2*) — o*||* | Fi]
<2E[|1} Y (Vfila") - VE@E)I? | Fil
= (37)
+2E[|Vf(&) - Vf(")|? | Fi
<ALE[||z* — &"|* | Fi)-
Substituting into (36) yields
E[f (&) = f(2*) | Fil
<E[(, "1 — 2% + SL ||k — zk|2 | R (38)
+ 8E[||=" — &(|* | Fi).
We then claim that
EK,Uk 2+ )+ BL gk k|2 | )
< LBt - e e | AL
Indeed, if &¥ = 0 or (¢, (z*) — ay (&F, v*)) 1 = 0, from the
definition of "+, we have v* = _L (2" — 2"*") and
Bl 24— 2*) + 2 e - o2 | 7
=Bl (e — | e -t [ at?)
+ o &ttt —ah|? | Fy
< 5o Bflla” — a*|® — [l —a2*|? | Fil,

where the inequality follows from 5L/2 < 1/(2ay,). If €8 # 0
and (¢;, (%) — a(€F,vF)); > 0, we have

oF — a% (wk gkt (¢.7k(mk|);:”k2<§kyvk>)€k)
and
<,vk 2"+l ) 4 %Hmkﬂ —a|?
< S (2t — a2 — 2t - 2)?) “0)
- (%’“(walﬂgkﬁffk’vk» (&F Pt — xr).
By the convexity of ¢;,, we have
(—gF, ah+l g%y = (€%, &t — aF + gb — 2h )
< 05 (%) — ¢, (") + (€8, 2" — ") = ¢, (a¥) <0,
which, together with (0) and (9 (walu zkklfg h) > 0, implies
(39). Substituting (39) into (38), we obtain
E[f(z"1) — f(z*) | Fi]
< g El(llz® — a*||* — |l — 2*)|?) | Fi] + SE[||2*

= &' | Fil,



which, upon taking expectation and using Lemma [[0} yields  This inequality and Lemma [7| with A = 32mx?p~! yield that

E[f (") - f(x")] E [||z"! = Tx. (aF )| | Fi]
< 3G Elle® — 2" (") - ZLEll2* —2*|%) <E [|lz"" — Ty (2|2 | Fi]
+ 5 (i — ap Bl —a*|f?) < (L+af(24L% + LX) 2" — Mx- (")
I t=k et + 480202 ||&" — My« (x*)[|? + 36 R%a?
+0(ag) + 67“;; [l = e (@)1, a2 (20R? + (A + 12)[[V £ (Iy- (=) ?)
} — —2a;L)||z" — He(ah)|?
Summing this inequality over k and using Lemma [9] we have (87”"“2 a; )||a: (@)l
= - (ak + y(kﬂ)) (f(Me(x*)) = 1) 1)
> /)] - f)) )
k=0 < (14 af(24L% + L?)) — |z* — Ix- ()2
K—1 k+1
< shlla® — o + )+ Y Ofa 8 oy — o
>3 0 ({1 _
5 RO+ o () - )
K-1 3p
F16r2 3" Efla* Mo (@) ) - (522 — 200z 4 ) ) o ~ T ()1
k=0 2 2 kY (12 2
+op, (AR + (A +12)||Vf(IIx«(x + 36R
The last inequality, the definition of & and (33)) then imply r (2 o<1 ( )Ll J;( x @) )
X + 48L% i ||&" — x«(x")|°.
E[f(z™)] - f(=") .
| K Noting that
< 1 1 — 2 1
> T TES B
’;’:0 8mk
L o 1 9 1 _ 3 20 (L 402 (L 2062 0-1 — O(a2
<O(K)+O(K)+K;O(ak)+o(}(g) 8m,‘<§2 ak( +V)+ ak( +V) mK-p , (ak)
P P = 2
1 1 - / — /Amr2p—1an(L _
<O(x) + O( ) <O (K% ' Sz ( 4mrk? mrtp~tow(L ¥ V)) Oled)
. P 2
This completes the proof. > e R O(az),
G. Proof of Theorem and taking total expectation on {I)), we have
By Theorem |1} {x*} converges almost surely to a point E [Hwkﬂ - HX*(wkH)HZ]
in X*. Therefore, the sequence {E[||z*||]}, is bounded, 2 A o
and by Lemma inequality (@) and triangle inequality, 1= kE+1 Eff&” — Ix-(z)[]
so are the sequences {E[|Z'[]};, {E[|Hx~(x*)|]}x 3
(Bl — Ty (@")[]he {Ell2* — To(@h)|]h  and ~ErDE W) - 1]+ 0(d)
{E [|V£(ILx+ (z*))|?] }&. Using Lemma [[{i)] 3 . .
— — 2ay, (L E —1I
o — T ()] (e =20tz Bl - et
< [l —e(z")| + [He(z*) — Mx- (e (z))]| (1 - 1<;21) E [|z* - Iy (z¥)[?]
+ [Mx- (e (")) — - (@)] -
k *
<2l&® — e ()| + [Te () - Tx- (Me ()], e [f (e (")) — f*]
which implies that P

= g 3B [l = To@®)|?] + O(a}),

where we used the boundedness of the sequences mentioned at
<A|lxh — T (x?)||? — = ||a* — Tx- ()% the beginning of the proof. Multiplying both sides of the last
2 inequality by (k + 1)k and using the fact that a, = O(1/k),

we have that for all K > k,

— [He(a") = Ty (He(z"))?

Using this inequality, Assumption E| and the fact that oy, >
ﬁ, we have

P (k+ 1)kE [||z* — Ho(zb)|?
— ap(f (e (@) — 1) smﬁz<8+ JRE [||lz* — o (")’
< — e (a®) Ty (He(ab)) |1 + ok DEE [fle(@) - £]
< way ot — To(ah) | - ot — M. @) < (k= DRE [|2* ~Tlx ()]

= (k+ 1KE [l Ty« (2"*)]%] + O(1).



Summing the above inequality over k, we get

K
> (k+ Dk (g25E [l2* — o ("))

k=1

#3204 Db (B [FTe@) - £])

k=1
<O (K),

=l

which, together with the convexity of || - ||* and £, implies that

E [|25 — 5|2 < %ou) and

E [f(&") - f] < K(Igi;”

where &% = g- 37, i k(k+1)ak, @5 = 5= 37, e k(k+
DIIc(x*) and

(42)
o),

1
Sk= > (KF+k) > EKB'

ke[K]

It then follows from @2) and Sk > K3/6 that
. _ . 1
E [dist*(z,C)] < E[||2¥ —25|?] <O (K2>

and E [f(2%) — f*] <(’)(

These two inequalities and the mean value theorem imply the
existence of 6 € [0, 1] such that

E[f(2%) - ] <E[|f(@X) - ]
<E[f(@") - ] +E[If(&5) - £(@")]]

<0 (;) TE [V + 6@ — 25)||" — 2]
<0 (;) + %E (12" — 2%?]

+ ﬁE [IVf(@" + o™ —z"))|?]

<0 <K> +0 <Il(> E[|Vf(@" +0@" —25)))?] .

The desired result follows from the boundedness of the
sequence {E [V f(z® + 6(z" — z))|?]} k. which can be
proved as follows:

E[|Vf(@" +o(z" —2"))|?]
<2E[|Vf(@" +0(@&" —25)) - V()] + 2|V f()?
<2L°E [(|2" + (2" — ") — 2°|| + 1)?] + 2|V f(z")|?
<O(1) +8L°E [(|&" —a°|* + [|&% — 2" |*)]

1
<O(1) +16L2 ||z + O <K>
16L2
+T (k+ D)KE [||=*]?] < O(1),
kE[K]

where the second inequality follows from (@), the third from
6 € [0, 1], the fourth from the convexity of || - ||, and the last

from the boundedness of the sequence {E [||z*|?]} .- This
completes the proof.
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